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AERODYNAMICS OF BODIES FROM MOTION ANALYSIS

Gary T.Chapman, Donn B.Kirk,
and Gerald N.Malcolm

7.1 INTRODUCTION

The purpose of this chapter is to examine a number of techniques for determining the aerodynamic character-
istics of bodies in free flight in a ballistic range. The measurements from which the aerodynamics are to be
deduced usually consist of angular and linear position data from photographic records of a model in flight,
such as shadowgraphs; they could conceivably be acceleration data obtained from onboard accelerometers, or
velocity data obtained from onboard integrating accelerometers or rate gyros. With gun-launched models, the
accelerations and velocities are not usually measured, since at the present state of development accelerometers
and transmitters cannot withstand the launch loads imposed by the gun (see Chapter 12). The discussions in
this chapter will therefore be restricted to the analysis of angular and linear position data as functions of
either time or distance traveled.

There are basically two approaches to the problem of obtaining aerodynamics of bodies from such data. The
first is to curve-fit the position and angular orientation data and differentiate the fitted curves twice to
obtain the appropriate accelerations. These accelerations are directly related through Newton’ s laws of motion
to the aerodynamic forces and moments acting on the body. This technique presents no problems in mathematics
but does require data of very high precision. The second approach is to consider the differential equations
which govern the motion and perform the appropriate integrations to obtain solutions for the position and
angular orientation as functions of time or distance. These solutions are then curve-fit to the data to yield
the aerodynamic characteristics of the body. This approach does lead to problems in mathematics. The differen-
tial equations are highly nonlinear and in general cannot be solved in closed form.

Much work has been done by many people on this latter approach. The original contributions in this field
were by Lanchester’:! at the turn of the century. His work was mainly restricted to the analysis of airplane-
type motions in which he considered only small deviations from a steady-state glide-path, linear aerodynamics,
and small roll rates. Since ballistics studies generally involved high roll rates and symmetric bodies, the
ballistician had to take a somewhat different approach from Lanchester’s. The original analysis of symmetric
spinning bodies was conducted by Fowler and his associates in 1920 (References 7.2 and 7.3). Because the two
areas, aerodynamics and ballistics, originally had so little in common, they developed independently. With
the arrival of guided missiles, in particular, airplane-launched missiles, the aerodynamicist was confronted
with the same problems as the ballistician and was not familiar with ballistics or ballistic terminology.
Bolz’-*, Nicolaides’*® and Charters’-® did much to alleviate this situation. They made an attempt to merge
the approaches of the ballistician and the aerodynamicist and to clarify the differences in nomenclature
between the two. All of this work was predominantly for linear aerodynamics. The introduction of nonlinear
aerodynamics was done by such people as Murphy and Rasmussen in the early 1960’ s7-7:7-8.

With the advent of the electronic computer, the application of many of the above procedures was greatly
enhanced; but even more importantly a completely different approach to the problem was made possible. That
approach is to curve-fit the position and angular orientation data using the differential equations directly
by employing numerical integrations. A method for applying this technique is described in Section 7.8.2

Much of the work in the field of dynamics, in particular, ballistics and serodynamics, has been to describe
the motion, given a set of aerodynamic coefficients. Although some attention will be directed to this problem,
throughout most of this chapter emphasis will be placed on the inverse problem. That is, given the equations
for the motion, determine the aerodynamic coefficients which best describe that motion. This problem is not
nearly as unique since it is not known a priori what the functional relationships will be. For instance, it
is necessary to assume either that the aerodynamics are linear or nonlinear, and if nonlinear, the form they
take.

Because the discussions will be focused on ballistic range data reduction procedures, the derivations of the
equations of motion will incorporate assumptions that are pertinent to this type of facility. For example
because ballistic ranges are nommally short, the direction of the gravity vector can be assumed not to change.
Major assumptions which are implicit in all of the material will be specifically pointed out.

The chapter begins with a discussion of the different coordinate systems used in analyzing free flight data.
Once these have been established, the differential equations of motion are derived by considering several ways
of writing the equations for flight dynamics and combining these with appropriate expressions for the applied
forces and moments. With the equations of motion derived, the various techniques for deducing drag, static and
dynamic stability, lift, and rolling moment coefficients (both linear and nonlinear) from the measured data are
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discussed.

ments.

Typical examples are presented and some of the results compared to conventional wind tunnel measure-
The chapter concludes with a section on error analysis and an appendix treating the method of least

squares using differential corrections.

7.2

A

k

NOTATION

reference area

force or moment coefficient; i can take the values x,y,z,Xx,¥,2z,D,L,N,S,1l,m, orn.
Some particular coefficients that appear frequently are:

drag
CD drag coefficient, T
7PVA
lift
C, lift coefficient, 75~
FOVA
C itchi t fficient moment
pitching moment coefficient, ———
m 1oVl

partial derivative of Ci with respect to a variable k ; k can take the values «&, &, 5.5,
p.p.qg.q,r, or r (refer to Equation (7.74)). Some particular derivatives that appear
frequently are:

Cry lift-curve slope, OC /du

Cma moment-curve slope, BCm/Ba

Cng + Cng  damping-in-pitch derivative, 9C./3(al/V) + 3¢,/ 3/

CNa normal-force-curve slope, 3CN/3a

partial derivative of Cik with respect to the roll rate p (Magnus terms)
value of C, at zero angle of attack

force vector

Coriolis force

component of force

gravitational constant

damping moment coefficients, n =0,1,2, ...

effective linear damping

H
M a0 (Equation (7.201))
0 ooa

moment of inertia: for an axially symmetric body, Iy = Xi . 1; for a general body oscillating
in one plane, 1 is the moment of inertia about an axis perpendicular to that plane

roll, pitch, and yaw moments of inertia in body-fixed coordinates

roll moment of inertia in fixed-plane coordinates (I; =1 )

X
PA/2m

PAL/21

reference length

moment vector

static moment coefficients, n-0,1,2, ...

M,/ (OVPAL/2)

moment components in body-fixed coordinates
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moment components in fixed-plane coordinates

Mach number

mass

Moap/Mg o or M ulMy

components of angular velocity in body-fixed coordinates
components of angular velocity in fixed-plane coordinates
roll-rate parameter, (I;/I)p = (I3/I)f

generalized force or moment

generalized coordinate

Reynolds number

standard deviation

total kinetic energy

transformation matrix from A? coordinate system to A1 coordinate system
time

linear velocity components in earth-fixed coordinates

linear velocity components in body-fixed coordinates

linear velocity components in fixed-plane coordinates

velocity vector
magnitude of velocity vector, IVK

earth-fixed coordinates

body-fixed coordinates

fixed-plane coordinates

trajectory coordinates

projection of resultant angle of attack onto x-z plane, onto x-y plane
angle of attack and angle of sideslip in body-fixed coordinates
angle of attack and angle of sideslip in fixed-plane coordinates

defined by o - Tl )i + (um)é*l] where k denotes peak number

m
maximum angle of attack

resultant angle of attack

root-mean-square angle of attack

gamma function

angles relating trajectory axes to earth-fixed axes
projected angles

Euler angles

modified Euler angles

the direction of flight with respect to the local meridian and the geographical latitude of
a given facility (Equation (7.71b))
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7.3.5 Trajectory Axes

Another useful coordinate system has one axis along the local velocity vector, (X), and the other two per-
pendicular to the local velocity vector, (¥,Z). The § and % directions are chosen such that § lies in
the x-y plane perpendicular to X, and Z forms a right-handed system. This system is illustrated in
Figure 7.5. The angles locating these axes are 7, and ¥, . analogous to l‘['ME and HME‘

These coordinates are useful for axisymmetric bodies and/or planar motion in writing the aerodynamic forces
and, in some cases, the equations of linear momentum. 1In tests in a ballistic range, the angles Y, and Y,
are normally very small and hence certain simplifications are possible.

7.3.6 Relationships Between Systems

Since it is sometimes necessary to transform one coordinate system to another, we will give some transforma-
tion relations, both exact and approximate, before we proceed to the equations of motion.

The transformation matrix is that matrix which operates on a vector in one coordinate system to produce the
vector in ano}_her system. For example, the forces in the body-fixed coordinates FB transform to earth-fixed
coordinates F, by

Fg = (Mg /Fp . (1.3)

where [T]E/B is the transformation matrix. This transformation matrix preserves the magnitude and direction
of the vector; that is, it simply relates the vector to a different coordinate system. Hence, these matrices
have the properties of a unitary matrix; that is, the inverse is equal to the transpose,

-1 _ T
(Tij) = (Tji) = (Tij) . (7.4)
Hence, it follows that (T, ),/ = (T, )}/4
The transformation matrix for body-fixed to earth-fixed coordinates (using modified Euler angles) is
cos Oypcos iy sinOypcosyypsing — sinyy, cos ¢ sindypcosygcosd + sinyypsing
Mg = cos By sinyyn  sinyp singyp sing + cosypcosP  sinbhg sinyy, cosd - cos Yygsing . (1.5)

- : N 3 4
sin Oy, cos Oyp sing cos fiyp cos

For body-oriented fixed-plane coordinates to earth-fixed coordinates, it is

cos ypcosyye  -sinyye  sinfiyg cos Pur
[T]E/N, B cosyp sinyyy  cosyyp sinUyg sinyyp (7.6)
~si )
sin €y 0 cos fyp

and for trajectory coordinates to earth-fixed coordinates, it is

cosy, cosy, -sin7y, cosy, siny,
Mg = siny cosy, cosy, siny, siny, | . (1.1
- siny2 0 cosy,

It is possible to obtain relations between any combination of these systems using appropriate matrix
multiplication.

These matrices will now be considered for small angles (except ¢); that is

sin(a) - a
cos (a) -~ 1.
Then the transformation matrices become

1 Oyp sind — Yygcosp  Oypcosd 4 Yiyg singd

[T]E/B = Yyg cos P —sing (7.8)
- g sing cos P
1 ~Yue g

[l gpp = Ve 1 0 (1.9)
-8 0 1
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1 -7 Y,
(Mg = 7, 1 0 : (1.10)
-y, 0 1

Note that in these last three transformations, it would be consistent with the small-angle assumption to
replace QME and ¥, by their projected values (on the x-z plane).

Another transformation matrix which is of interest is that between the trajectory coordinates and the body-
oriented fixed-plane coordinates. This is obtained by the appropriate operations on Equations (7.6) and (7.7)
e, [Mepp= (Mg g [Mgp = [TI],0p - [T)g,p). The result to first order is

1 Yue =7 ~Owe t 7,
(Tepsr = | -ue+7v, 1 0 - (1.11)
Owe = 7, 0 1

The interpretation of the elements of this matrix is straightforward. If one calculates the components of
velocity in the fixed-plane system using the first order matrix, the result is

vpp = (1) re/7 Vr
or
1 l/JME -7, —HME +7, v v i
~dwe t Y, 1 0 S I R N GV L B I (7.12)
Ogg =7, 0 1 0 (CARRY #

Since the angle of attack and angle of sideslip are defined as

Q1
|
4]
—"
E]

v
TN
<] %
SN
4
< | €

(7.13)

~ v v
B - sin'{-}| =& -,

v v

then to first order

U T G -7,
~ (7.14)
Bz gty -

These angles are the off-diagonal elements in the transformation (7.11). They can be better visualized by
referring to the lower portion of Figure 7.4. This is a view looking aft along the earth-fixed x axis

at the y-z plane. A unit vector along the model axis, X, has a projection 0-A, labeled (!, with
components HMB and \;UME . A unit vector along the total velocity vector appears as a projection 0-B and
is called . The components of ¥ are 3/V and 2/V, which are essentially equal to v, and -7, .

The vector B-A between the velgcity vector and the model axis X is called the resultant angle of attack,

Ug , and has components & and S . Therefore
G, = 0-%. (1.15)

This is an exact expression when velocity components are used. Also shown in this figure is the angle, ¢,
which one would observe between the coordinate axes and a canard on the nose of the body.

The coordinate systems necessary for motion analysis are now defined, and their relationships to one another
have been given. We can now proceed to the development of the equations of motion for a body in free flight.
7.4 EQUATIONS OF MOTION

The equations of motion will be developed in three steps. First, the dynamics of a body in free-flight will

be expressed in several forms. Second, expressions for the aerodynamic forces and moments will be obtained.
Then the forces, moments, and flight dynamics will be combined to obtain the differential equations of motion.
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7.4.1 Flight Dynamics

7.4.1.1 Introduction

The behavior of a rigid body in flight is governed by Newton's luws of moticn. Although there are various
ways of expressing these laws, the simplest is to write the equations of conservation of linear and angular
momentum within an inertial reference frame

dm¥) 7.16
dt (7.16)
and
d({1]a) .
_ - M, (7.17)
dt

where m is the mass of the body, V is its velocity vector, F is the force vector acting on it, [I] is

the moment of inertia (a 2nd rank tensor), « is the angular velocity vector, and M is the moment vector.
To apply these equations in a moving coordinate system one needs the transformation

<d§> (dA) A ‘

— - —_ o x A (7.18)
f »

dt A dt ¢

where A is any vector quantity, m denotes the moving system and f the fixed system. An example of the
type of quantity produced by the 2nd term is the Coriolis acceleration which appears in the equations of motion
expressed in earth-fixed coordinates.

Another formulation of the momentum equations is that of Lagrange. It will be used more extensively in the
following development than the basic form given above.

7.4.1.2 lLagrangian Equations

The Lagrangian equations of motion are derived in textbooks on dynamics’-'°. These equations greatly simplify
the handling of the pitching and yawing motion of a body in free flight. The Lagrangian equations are

d /or oT 7.19)
&\ee ) % Y .

Here T 1is the total kinetic energy of the system; q is the ith generalized coordinate; di is the time

rate of change of q; Qi is the force tending to change q;; and t is time. There are as many such
equations as there are degrees of freedom, the subscript i representing, therefore, the ith degree of freedom.
For free flight of a rigid body there are six degrees of freedom, three translational and three rotational.
The total kinetic energy of a rigid body in free flight is written as

T - o GP4y?+2%) +5Igp? ¢ 3lga’ 4 Flprt (7.20)
where m is the model mass, I;, I;, and I; are the moments of inertia about the three principal axes, p, q,
and r are the angular rates about the principal axes and X ~u, ¥y = v, and z = w are the components of
velocity in the earth-fixed axis system. Note that in using earth-fixed axes some energy has been ignored due
to the non-inertial character of the earth-fixed coordinates. The only important term here is the Coriolis

acceleration which we will discuss under the section on forces.

For a body with axial symmetry

I- - I = 1 (7.21)
and hence the total kinetic energy can be written as
T = dm(x7+¥242%) + 7Ip? + z1(Q7+17) . (1.22)

Note that any body which has a plane of mass symmetry and trigonal or greater rotational (mass) symmetry can be
considered to be axially symmetric with respect to its moments of inertia (I)7 = IZL

7.4.1.3 Equations of Linear Momentum

The equations of motion in the x,y, and 2z directions can be obtained as follows: Let x be the first

generalized coordinate,
d [ 9T T
a g —a—x - QX . (7.23)

d2x— = 7.24
m&—ZAQX~F‘x, (7.29)

Using Equation (7.20),
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similarly, d%y
m 5;3 = Fy (7.25)
and
d?z
m ‘d—£—2 - FZ . (7.26)

In vector form these equations can be written

m— = F. (7.27)

Note that the mass, m, has been taken outside the differential operator. This can be done not only if the
mass is a constant, but also if the velocity (relative to the body) of the mass that leaves the body is very
small. In that case, its contribution to the change in momentum can be neglected. Most of the problems to be
treated will be for constant mass but some cases will be considered with variable mass where this momentum
assumption is thought to be valid.

These equations can alternately be written in the trajectory coordinates described earlier. The result for
the component of force along the velocity vector is

a’x
m az'?‘ = F'i- (7.28)
and that normal to the velocity vector is
4% ?E /R = F 7.29
m E /e = P(Ff'FE) . (7. )

The term on the left side of this equation is the centrifugal force term (Rc is the radius of curvature of the
flight path) which arises from the non-inertial character of the trajectory coordinates.

7.4.1.4 Equations of Angular Momentum

The Lagrangian equations of angular motion can be written with each of the three sets of angles which have
been introduced. The angular momentum equations will be written (at least in part) using all three sets so
that similarities and differences can be seen. First, however, one must obtain the angular velocities in terms
of the angles for each of the systems. They are listed in the following table.

Euler Angles Modified Euler Angles F red-F i:"jn’;";j:f red
p = ‘2’3 + éEcosU p = 9‘5 - \JJME sinfy, p = b- L[‘ME:SineME
q = dcosg/JE + (}E sinosinyyg qQ = (}ME cos¢ + V’;ME cos Oy sind q c’}ME
r - —c}sin\/)E + f.}Es‘xna cosyy r = \,[:ME cos Byp cos ¢ ~ 6.3“ sin¢ F o= LLME cos Oy p

Since the Euler angles and the modified Euler angles are more general in that they do not require axial symmetry,
they will be considered first. The total kinetic energy using the Euler angles is

T = im(x2+y%2+2%) 4 %Ii(¢:E+(}Ecoso)? + %Iy (o cosg!AEJr(;Esinasin\/JE)? +
+ 315 (-0 sin\;'fsH’}Esino'cosw[‘:)2 (7.30)
and the total kinetic energy using the modified Euler angles is
T - m(x%+ty24z%) + ';'II(J’—VT’M[:) sin0yp)7 + '%Iy (U.,'mcosthjrME cos fiygsin)? +
+ 5 (g 008 Oy cos b Bypsin)? . (7.31)
It is straightforward to substitute both of the above expressions for T into the Lagrangian equations (7.19)

and arrive at the equations of angular momentum. However only those equations using modified Euler angles will
be listed here. For the L/JME coordinate, we get

d 9T d .. . .
it <§Z—> = I [I;(qﬁw\,bMEsin ) (-sin b)) + Iy (Oyg cos P +fyp cosOyp singd) (cos Oyg sing) +
ME

+ Iz(lj:MEcosﬁmscosczB—F;MEsind)) (cos(/MEcosd))] = Qq,ME (7.32)

= [M, sin ¢ + M, cos ¢] cos &, .
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for the 6, coordinate,

d /OT oT d . . )
d—t S‘GM—E _ﬂ = (; [Iy(QMEcosgbfwMEcos@MEsmgb) (cos ) +

+ I (g €08 Oy cos - Oyg sind) (~sin@)] +

Iy (b 510 Oyg) (g €05 Oyg) +

b I (B €08 b+ Yy 005 g i) (g 5in By singd) +

+ 1z (fyg cos Oyg cos b Oyp sind) (g sinBypcosd) = Qg = My cos & - My sin ¢ (1.33)

and for the ¢ coordinate

a for) 3t ¢ _—
w\33) % " a 13 (@-dygsin b)) +

+ I (é“ costh}/mcos Oyg sing) (éns sinqbﬂ[';“ cos By cos @) +
+ 1 (\LMECOSHMECOS¢-§HESin¢) (L/;MEcosemgsin(ﬁﬂéMEcos@ = Qp = M. (7.34)

These equations represent a set for the angular momentum. They are general in the sense that they apply to an
arbitrary rigid body.

A more widely used form for the equations of angular momentum of an airplane-like configuration can be obtained
from (7.17) and (7.18). First let @ = (p,q,r). Then note that the cross-product needed in (7.18), @ x Iw,
can be represented by the determinant

l o n
P q r
Iip Ij—,q Iir

The resulting equations are:

I)r = pq (Ii_ Ig) + My
Igq = pr (Iz- 1) + My (7.35)
I.p = qr(Iy—Iz) +M .

In comparison to (7.32), (7.33), and (7.34), these equations are much simpler. Because (7.32) - (7.34) are so
complicated, we will treat some specialized cases which result in many simplifications.

7.4.1.5 Planar Motion

For the case of planar motion (an oscillation confined to a single plane, here arbitrarily the x-z plane)
"bME is identically zero and since there can be no roll, ¢ = 0 . Note that the results obtained will apply
to any planar motion since in the absence of an important gravity force, the x-z plane can be rotated to the
plane of motion. With these conditions (a single degree of rotational freedom) the equation for angular momentum
is
Iieua = M, . (7.36)
7.4.1.6 Small Angular Motion

There are a number of subcases in this category and several of them will be considered. First assume that
the angles (9“ and LpHE (but not necessarily ¢) and the angular rates and accelerations are small. Hence,

sindye = Yy
sinfyp = Oy
cosp = cosfy, = 1.

With these restrictions and neglecting products of small terms, the equations of angular momentum in terms of
the modified Euler angles reduce to the following:

I (éuEsinQScosqb +\:b.MEsin2qb) + 13 (\:[J‘HEC[)SZ(]!) -é.MEsin(bcosgb) = My sin @ + M cos @ (7.37)

Iy (gug cos?+ L}'JME singcos¢p) + 13 (—f/:“Esinqbcosgb + éusin2¢) T My cos @ - My sin @ (7.38)
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Ii{ﬁ = M. (7.39)
If, in addition, we assume there is no rolling torque (Ml =0), (7.39) can be solved and
¢ = A+ Bt. (7.40)
If this result is substituted into (7.37) and (7.38) the result is
I; By sin (A +Bt) cos (A+Bt) + ,;sin? (A+Bt)] + I [, cos? (A+Bt) - Byg5in (A +Bt) cos (A+Bt)] (1.41)
= My sin¢+Mncos¢.
and
Iy [Bygcos? (A+Bt) + g sin (A+Bt) cos (A+Bt)) + I, [~ficsin (A +Bt) cos (A+Bt) + fyg sin? (A4 Bt)) (1.42)
= My cos - N, sin¢.
The left hand sides of these two equations are linear with variable coefficients and are coupled.

Finally, if it is assumed that the angle ¢ is also small, the equations become

Libue = My
” (7.43)
Iiemg = M
All of the coupling has now been removed from the left hand sides.

7.4.1.7 Axially Symmetric Bodies

A more restricted but often encountered case will now be considered, namely, that of an axially symmetric
body. Noting that 15,- = IZ =1, the kinetic energy can be expressed in terms of Euler angles as

T = (432427 + 11g(Jp+0,c080) + 31(0%+ B2 sin’0) . (7.44)

The following equations of angular momentum can then be obtained.

s [15 (t/:E+éEcoso) coso + IéE sin®o] = Qg (7. 45)
d | .. . .

— 1ol + Iz +0gcoso sino - 16g sinocoso = Q, .

" (18] + 13 (Yg+ 6 ) 6g 62 (7.46)
d ..

5 Uz (bg*Ogcos)] =y . (7.47)

These equations represent the most general case for an axially symmetric body. Noting that n/)E + fgcoso = p
and, defining a new parameter

I
P = Xp. (1.48)
I
then (7.45), (7.46), and (7.47) can be written as

J 8. sin?c) (7.49)

I (IPcoso +1 gsin“o) = Qg :

a . . )

v (10) + IPG;sino - 16¢ sinocoso = Q, (7.50)

d

L VR (1.51)

A special case using these equations is for zero roll torque (Q“’EE 0) and for zero precession torque (QgE =0).
With these restrictions, (7.49) and (7.51) become

IPcoso + 16gsinc = constant = Ib (7.52)
IP = constant , (7.53)

and hence, (7.50) becomes
(% (16) + IP(b-Pcosc) Icoso(b-Pcoso)? - o, (7. 50

sino sin‘ o
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Note that even for this restricted case the problem is highly nonlinear even if the right hand side of the
equation is linear. This equation remains nonlinear even for small angles (i.e. o small).

For the case of o small, (7.54) reduces to

.. (b-P) (b~P)?
I + IP —a -1 - Q (7.55)

a -
0,3

For planar motion b = P = 0 and (7.55) reduces to
I = Q. (1.56)

Note the left hand side of the equation is linear.
One other case that is of interest is that for which the moments are all conservative. Here the sum of the
kinetic energy plus the potential energy is constant. This case is developed in Reference 7.8 and will not be

discussed here.

Next the momentum equations using modified Euler angles in fixed-plane axes will be considered. Noting that
I; = Ii = I , the total kinetic energy is

T - im(xP+y?+z?) o+ %I;(&)—\Lmsinﬁw)? + 31 (éaE+LjJ;E00526ME) . (7.57)

Substituting into the Lagrangian Equations (7.19) one obtains for ‘:z’ur-: s OME, and ¢ respectively

d . . . ~

r [—I; (p-ygsinyg) sinGyp + ) (3 cosgf)ME)] = M, cos Oue (7.58)
s (16yg) + Tz (& = Yiyg 51n Oyg) dyg cos Oyg + 1dg sinOypcosbyg = My (7.59)
d .o -

— 1z b -Yygsintyg)l = My . (7.60)
dt X ME ME 1

These are the basic equations using modified Euler angles, and are similar to those with Euler angles. Consider
the case where M, =0 (no roll torque). One obtains

PR I
@-yygsinfyg) = § = constant = —P. (7.61)
X
Substituting this in the remaining two equations yields
~IPG,; cos Oyg *+ Ifiyg cos Oyp — 2Ty g Oypsinbygcos By = My cos 6, (1.62)
and . . . ~
16y + IPYypcos Oyp *+ I¥ip sinOypcos Oyp = My . (7.63)
If these equations are now linearized, the result is
Ijyg - POy = My (7.64)
0y + Py = My . (1.65)
where it has been assumed that
cos GME x 1
(7.66)

sinfyg ® Oyg

and products of small terms have been neglected. Not-e that it is convenient to express (7.64) and (7.65) as a
single equation in the complex plane (since QME and n}JME are orthogonal). This is done simply by multiplying
(7.64) by i (/(-1)) and then collecting real and imaginary parts.

- ieQ = W, (1.6M
where - . .

Q= Gt iV (1.68)
and . ~ .

Moo= M, M (7.69)
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There is another method (although not discussed here) of developing the dynamic equations of motion of a
symmetric body which employs the nonrolling axes mentioned in Section 7.3.4 (Ref.7.9). This approach is
advantageous in that a simple, exact differential eguation for pitching motion can be obtained, but it is not
as convenient to use since measured data must be expressed in an inconvenient reference frame.

With the above several formulations of the dynamic equations of motion available to us, it remains to consider
the applied forces and moments which make up the right hand sides of these equations.

7.4.2 Forces and Moments

7.4.2.1 Introduction

The forces and moments acting on a body in flight can originate from a number of different sources, including
pressure and shear forces, gravitational force, buoyancy force, Coriolis force, and electromagnetic force. 1In
ballistic range tests, aerodynamic forces are usually dominant, and for tests of low flight velocity and/or long
duration, gravity and Coriolis forces can become important. Buoyancy and electromagnetic forces are negligible
and will not be considered. The bulk of the discussion in this chapter will be concerned with aerodynamic forces
and moments. However, since gravity and Coriolis forces are sometimes considered, they will be described briefly
now.

If the coordinate system is earth-fixed as described earlier, the gravity vector is always aligned with the
z-axis and hence the gravity force can be written as

F, grav = DE . (7.70)

The Coriolis force is given by

Fc = 2m &uEx V), (7.71a)
where Z& is the rotational velocity of the earth (wp=7.3x 10 %rad/sec), and m is the mass of the body in
flight. Equation (7.71a) can be expanded to obtain

F, = 2meV(sin51+icosﬁlsinn98), (7.71b)
wherc the first term is along the y axis and the last term is along the z axis, 91 is the geographical
latitude of the facility (0° at the equator) and 93 is the direction of flight (i.e. the angle between the
earth-fixed x axis and the local meridian - due east yields 98 = 909).

7.4.2.2 Aerodynamic Forces and Moments

The aerodynamic forces and moments are defined in body-fixed axes normally chosen to be principal axes through
the center of mass. This coordinate system, with related forces and moments, is shown in Figure 7.6. The force
components produce moments M Mm' Mn about the X, ¥, and Z axes, respectively.

The aerodynamic forces and moments are in general quite complicated. The aerodynamic force coefficients are
expressed as Cforce = Furce/%pv?A and the aerodynamic moment coefficients as Cmoment = Moment/%/?VQAl , where
p 1is the density of the fluid through which the body is flying, V 1is the flight velocity, A is the reference
area, and [ is the reference length. They are functions of flight speed, conditions of the test gas, model
scale, and geometry. They also depend to some degree on the flight history. 1If the dependence on history were
strong, a correlation of results would be next to impossible. In practice this dependence is not strong
Therefore, the “aerodynamic hypothesis’ will be invoked; that is, the forces on a body in free flight can be
expressed in terms of the body’s instantaneous motion. This can be done in two ways, in terms of velocity
ratios u/V,v/V,#/V,p,q, and r and derivatives thereof or, equivalently, in terms of the angles repre-
sented by the velocity ratios ©/V, B, @,p,q,r. In the work to follow the latter will be used.

The aerodynamic hypothesis should apply when the flight distance in a cycle of oscillatory motion is many
times the length of the body, the usual situation beth in full-scale flight and in ballistic ranges. Despite
this simplifying assumption, there remain many variables on which the forces may depend. We will write this
functional dependence as

Fi = € (RoMp. 0, 8.8, B.p.a,r...) Tovi4 (1.12)
where C; Ry My, ........ ) is the i'P force coefficient (for example, i =%,¥,2) and Ry, M, are Reynolds
number and Mach number.

Similarly, for the moments .
Mj = C (Rp M &.5,8, 5 p,a.r...) 3pV2AL , (7.78)

where C. is the jth moment coefficient (the subscript j becomes [,m,n for moments about the X,¥, and Z axes,
respectively).
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For well-behaved aerodynamic coefficients (i.e., smooth, continuous and single-valued functions) the coeffi-
cients can be expanded in a Taylor series as follows:

Ci s CiQ + Ciaa + Ciﬁﬁ +
al 7l
LT
c pl c ql c rl
t — + € — ¢ t
p q v Ir vy
pi? q!? ri?
*Clp~‘l—2-+Ci—2+ClTQ‘+
_pl ;Dl
+Cp a— ¢+ C; 8 —+
ap V Bp V
pl Slpl

lep v
pl? pl ql? pl rl1? pl
L Pl PO L P S
pp V2V ap V2V fp V2V
+ higher order terms . (7.74)

Here i 1is used as a general subscript for both forces and moments (for example, i=X,¥,z, l,mn). The second-
order subscripts denote derivatives which have been nondimensionalized (e.g.. C; ~ aci/aa. cid::aci/a(al/vx
Cy, = 9%¢, /3w A(pl/V), etc.). The terms involving p,da. and r are included for completeness since, under
center of gravity translation, they are required to keep the force system invariant. They are neglected in
practice, however, because they are small, and will not be carried along any further in this chapter.

The terms in the above equation can be interpreted as follows:

Ci trim coefficients (e.g., the axial force C; )
0 0

Ci , Ci initial static force or moment curve slopes (e.g. initial
& 8 normal -force-curve slope)

Ci-‘ CiB damping coefficient due to rates of change of angle of
o

attack and sideslip
damping due to model roll, pitch, and yaw

C; .Cy ... Magnus terms. (A body traveling in, say, the x direction
and spinning about the z axis experiences a force in the
y direction due to the spin; forces of this type are
called Magnus forces.)

These coefficients depend on Mach number, Reynolds number, and perhaps on other test conditions, but not on
o, B, p.q.r and their derivatives. In any ballistic range test there will be a change of Mach number
Reynolds number, etc., over the length of flight. One could expand the coefficients about the values at the
center of the flight trajectory to yield a mean value.

Bci aC;
¢, = C, K AN+ —K ARt L.
Tk iglmean Mg Mo MRy Beo
For most of the material covered here, the following assumptions will be made :
¢,
K AN, << C,
Bum @ 1l'(|||'.|en.n

c
AR, << € |
ARy, K

mean
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Therefore, for all flight conditions
C. R

1k 'k mean

Note that these assumptions may be satisfied in two ways: either the derivatives are small (normally they are
except at certain critical conditions such as in the transonic regime), or there is little change in conditions
along the instrumented flight path. For example, the velocity loss is small.

In general, (7.74) states that there are 126 aerodynamic coefficients (first-order plus Magnus terms).
However, depending on the degree of symmetry exhibited by the particular body under consideration many of the
terms are zero or equal to other terms. The reader should be aware at this point that although these symmetry
arguments are based on good mathematical and physical concepts, there are some recent experimental data’-'!
which show that under certain conditions an (apparently) axisymmetric body at some angle of attack and zero yaw
experiences nonzero side forces. These forces are not understood at present. With this in mind conventional
symmetry arguments will be presented.

7.4.2.3 Mirror Symmetry About One Plane (Airplane-like)

Mirror symmetry was considered in a very general mathematical fashion by Maple and Synge’-'? and a good
physical description is given by Charters’-¢. Under the conditions of mirror symmetry many of the coefficients
in (7.74) are zero. In addition Magnus terms can be ignored for airplane configurations because roll rates are
normally of the order of pitching rates and hence the Magnus terms are 2nd order

The force and moment coefficients can be written as*

. N
c c C- & ~-C “ c a
- = —(Cz -C-c%U-Cs =— -Cc —
X Xo XU. Xd v Xq ]
B pl ri
C. - C: C.. +C. — +C; — + [C2
y yﬁ’g Y[g v Yp v .Yr v [yu]
_ al ql
CE = - Cio - Ciao. - Cz, 7 - Ciq —V—
. > (7.75)
51l l r
C, = C, B+Cp, 2y c, 2y c, — + [Cl]
B B8V p V 0
C C C a+¢C al C al
= + [¢8 — + —_
m ITIo ll'l(1 md \ mq v
~ Al p ri
c - c A+C. —+C —+C ——+c].
n ng’ gV By v iy { T,
J

These then represent the linear force and moment coefficients for airplane-like configurations. The minus signs
on X and Z are in conformity with standard practice. There remain 27 coefficients.

7.4.2.4 N-gonal Symmetry Plus Mirror Symmetry

This notation simply means that the configuration has a plane of symmetry and has N indistinguishable
orientations of roll about its axis of symmetry located 277/N radians apart. Magnus terms will be retained
now since p can be large. Again Maple and Synge’ '? have given the results which follow (as well as for the
N-gonal case without mirror symmetry, e.g., canted fins), and a good physical description of a configuration
with 90° roll symmetry (N -4) has been given by Charters’'®. It will suffice here to state that for linear
aerodynamics any model with trigonal or greater rotational symmetry can be considered axially symmetric. This
additional symmetry allows many more coefficients to be set to zero and also yields

C?ﬁ S -G cj—,[§ - -Gy G - Czq'
yap - Czﬁp' Cydp i Csz' qup - Czrn' L (7.76)
an = -Gy cn[} < -y cnr = Cmq'

c"ap B map’ C“&p Cmép C"qn ST Cmrp

* The bracketed terms in (7.75) are ideally zero. In some sections of this chapter, however, they will be retained to
account for small asymmetries.
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Hence, due to trigonal symmetry or greater the force and moment coefficients become

Ci- - _C_O_ im)(EV_l)?
% - _Czcxﬁ__cid% +Czqr_‘ll ZBC(T Ci,ép%lp_lvczrpg\rlpl ’ [Cio]
Gz = -¢C ‘E-c?‘l‘zq_l o A z-@p_l‘z ng‘l‘[cz]
o x V q V Bp V Bp V V rp VOV 0 > (1.7
c, = clpp—vl+ [CIO]
c, = cmaa + Cp —av—l + C"’q al + cmﬁpﬁ%l + cm;qp %p—vl + cmrp ED—VI + [cmo]
C, = -cma,é—c&% *Cmq%*cmﬁpa%l+ cmﬁp%lp—vl- . al e + [C"o}

Again, the bracketed terms are ideally zero but are retained to allow for small asymmetries.

7.4.2.5 Drag and Lift Forces for Airplane-like Configurations

The expressions for aerodynamic forces and moments given so far have been in terms of the body-fixed coordinate
system. Another frequently used set of aerodynamic force coefficients are those oriented relative to the
velocity vector. For airplane-like configurations these are drag, lift, and side force. The drag component
is along the velocity vector; the lift force is normal to the velocity vector and the ¥ axis; and the side-
force forms a right-hand system. These forces can be written by transformation of the forces in the body-fixed
axis system:

Fy, = - F‘;cos&cos,@—ﬁ‘ysinﬁ—Fisinf(cos,B
P, o= Fesindl - Fzcosx
Fg = Frcosdsinf - F‘ycos,ﬁ + Fzsin&sinf .

An alternative is to express them through their own expansions.

Fy CpzoViA

C,a+C él+c al 1oVIA (7.78)
= C + 74 . - — |3 .
Dy Dy bx v Dq \ i
FL = CoipViA
< C, a+C ol c a, V2A (7.79)
=lc, +Cc,a+C . — + — |7 .
l‘o Ly Lg v [‘q A 0
Fg = CgipViA. (7.80)

7.4.2.6 Drag and Lift Forces for Axially Symmetric Bodies

For axially symmetric bodies, the drag force is again along the velocity vector, but the lift is now defined
as being normal to the velocity vector and in a plane such that there is no side force. It is difficult to
express these forces in terms of body-fixed forces because of the Magnus terms. Ignoring Magnus terms, the
drag and 1lift are related to the body-fixed forces through the resultant angle of attack, «

R
Fp = - Frcosdy + Fysinag
F, = FgsinQy + Fycosay (7.81)
FS = 0
where Fy = ‘Fi + iFz!

Note that F‘N is frequently referred to as normal force and F; as axial force.
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The drag and lift forces can also be written with their own expansions, and to first order including the
Magnus terms

l 2
F, = CpzpVia = <cD + ¢y (p—>>%pV2A (1.82)
("] pp\ V
ply, - _ p! l pl\1 - .
F,o~ €, +iC, — (5 +il v (c, — +iC. |=(g+ir) + {C.. +iC,. — )= (5+id)| 1oV2A . (1.83)
L [:( Lo l‘o.p Vv ) ¢ l‘qp v Lq v (a+1r) e Lap v/ V (/J 2 {

7.4.2.7 Coordinate Transformation of Angular Rates

A question which has not been considered up to this point is what happens to the rate terms in the force and
moment expressions when rotations about the X-axis are required in transforming from one reference frame to
another; for example, from body-fixed coordinates to fixed-plane coordinates. The complex angle, (,B +1Q), when
rotated to fixed-plane coordinates, is simply

o - - -
el'édt (p+ia) - ﬁ +id .
Consider the rate terms by differentiating both sides with respect to time:

b dt ifédt = £z
¢ iJé (B+iT) = [+ ik .

i A .
e (B +1Q) + ige

Rearranging and substituting /3 + i for e

eifbat & iy L B ity - 16 (Fid) .

1/é at (B +i%) we get

Note that we have generated an additional term. Murphy’'? “avoids” this by including a term of opposite sign
(+igh (/3+ i@)) in the force and moment expressions in body-fixed coordinates, and hence the second term disappears
after transformation. Nicolaides’-® neglects the second term in the above equation completely. An important

conclusion is that when rate coefficients are quoted, one should indicate what coordinate system they are applic-
able to.

7.4.3 Differential Equations of Motion

The momentum equations and expressions for the forces and moments may now be combined to obtain the equations
of motion for use in analyzing experimental data.

7.4.3.1 Airplane-like Configurations

The equations of motion of an airplane-like configuration can now be obtained by combining the momentum
equations (7.24), (7.25), (7.26), and (7.35) with the forces and moments given by Equation (7.75). The linear
momentum equations for small angles and angular rates (except roll), neglecting gravity and Coriolis forces,
then become

d?x ~ _ =
m (? = P = Fgt F‘-z-a + Fo 0
&l al |,
T - |c, +CpE+C,. — +Cp, —|30V2A (7.84)
Dy D Ds v Dq A ] i
zy _
_ - v _ _F-W) si . .85
m rreli P, = (F; -F;®) sin¢ + (F; Fz/) cos¢ (7.85)
d’z _ = .
m el F, > (Fz-Fgl)cosd + (Fa—,—F’iﬁ)smqﬁ (7.86)
where (FE-F‘ia):‘c - F,, is given by (7.79) as
al al\,
F, = |c, +c @+C,—+C — |3pviA. (7.87)
L ( Lo Ly Le vy Ltav >2p

Now using the angle relationships developed earlier for small angles (Equation (7.14)), the angle of attack and
sideslip in body-fixed axes can be written as

aA = (()ME —'yz) cosd + (\‘Z;ME— 71) sin¢d (7.88)

™

- (Pyg ¥ ) cosd + (Byg -7,) sind . (17.89)

Differentiate these equations to get & and f; then substitute the small angle expressions of p,q, and r

(see table in Section 7.4.1.4), note that ’)'/2 > - (1/V)Z and 7./1 = (1/V)y . and utilize (7.85) and (7.86) to
arrive at
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N N
A = q-p + 2 X
B ~ (7.90)
; _F; - B
B8 = _r+pa+_¥?. 7.91)
m

Equations (7.35), (7.90), and (7.91) can be combined and after eliminating g and r and their derivatives,
the following differential equations are obtained.

z Bl pl pl PV3AL
C/S+(C.—C )y—+¢C — +C - +
Ly (F I B L,y 1, 21,
I- - I\ /pVA . _ pl . i ~
H==—2){5= )ic5 (a+ - - —pd) +C- (@+pP| = p
( Iz )<2m>[ yp( pF) v CLO(’G p%) Cyo(a /%) P (7.92)
= z - = —  pviAl s
0~+Cla+cza+ca,8+cu/3_'021 c, +bb-
y 0
I; - Iz pVA pl
z X
- S p—|C; — +C; -0
Iy ? Zn (yp v Y (7.93)
7. aA = = _  pvial o
B+C5ﬁ+06ﬁ+c7a+caa+p Cn - p +
z ]
I-I§ PVA szAl pl
+ x 7y 2 + . c P oo
Iz P om Lo 2I- Pp v (7.94)
z
where
PVA oViAL |
C, = ——C ~-—— —(C, +C
! am e 20 VO U ™ )
2
c :_pVAl _Ii_lipz
2 21- U I;
I - Iz
c. = z X,
3 1- D
pvial 1 1 1. pVA
o= - -G, -2 X ——( +Cp ) ip
21 V g 1. 2 ¥y
PVA pViAL 1
C = C- +C - - (Cc. -C
5 2 (Yﬁ 1} ) 21 v ( n, "ﬁ)
2
A - - I-
C6 = Al lc IX I! 2
21 U8 I;
1o - I
c. = (XY
7 1- p
z
viAl i Iy - Iy pVA
Co = £ ¢, + X2 ¥ bl c, |v.
2, V' I, I ‘a

In the above coefficients the following types of terms were deleted:

(i) Products of aerodynamic coefficients (because they always appear with (pAl/21)2 or (pA/2m)(pAl/21)
which are normally very small).

(ii) Certain rate terms which appear with other terms that are much larger; for example (cAl/2m) (C_ +C,. )<<l
q [»8

(iii) Terms involving products of angles and/or angular rates, like C"AB or af.

Equations (7.84), (7.85), (7.86), (7.92), (7.93), and (7.94) are the equations of motion used for the analysis
of airplane-like configurations. Note that for constant roll rate the right hand side of Equation (7.92) is
zero as is the p term in (7.93) and (7.94). Note also that the last term in (7.93) and the last two terms
in (7.94) are normally ignored.

Even for constant roll rate the coefficients Cl . C ,C“ ) Cs s C6 , and Ce are not strictly constant since

they contain velocity which will change because of drag. The coefficients can be made essentially constant by
changing the independent variable from time to distance. This is accomplished as follows:
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d d
- - u —
dt dx
d? d d 4> du d
— = = u — = 2 - =
dt dt \  dx dx?  dt dx
but vV T o s
du A
SO = = = e '
dt 2m
d? d? A o d
and hence — = y? — - Cy p_ vi
dt? dx? 2m dx
p(t) = Vp(x)
Equations (7.85), (7.86), (7.93), and (7.94) now become
a2y pA  dy F, Fy - F<f
— = —Cp— + —= sing + L X cos
dx? 2m P dx mV2 ¢ mv? cos & (1.95)
d%z PA  dz F P- - F=3
= = L Y X"
_— — - —cosd + sin¢g . (7.96
dx? 2n Pdx amv? ¢ mv? ¢ )
Retaining the most dominant terms, the forces are given by
PVA _ PVIA
F = C, +C «), F- = - C, .
L ( Ly " Ly ) X 5 D
pVIA -
F- = Cs +C:
2 ( 5, ,ﬂﬁ)
e o 1 1 - —~ C_ pAl
a4+ C,a'+—2c2a+-ca,3’+—5cu,6‘—_“'up__ =0 (1.9
v A v 2Ii
- JE— P | 1 C, pAl
124 ! 1! 7 n _
ﬁ+cs/3 +;I—206[3+Vc7a +$Cao.+_2ﬂIT = 0, (7.98)
z
where
_ 1 PA
€, = -¢C - on Cy
_ 1 PA
C, = v ¢ - om Cp

The coefficients are now considered as constants, based on the assumption that the aerodynamic derivatives are
invariant.

7.4.3.2 Axially Symmetric Bodies

To determine the differential equations of motion for axially symmetric bodies, we start with the Lagrangian
dynamic equations. The Lagrangian equations for small angles and constant roll rate (Equation (7.67)), rotated
to fixed-plane coordinates (and where Mm: CmpV2A1/2 is obtained from Equation (7.77)), become

N pl | ~ . . pI\NU .
zPVW[(Cmap v 1Cma)(ﬂ +io) + (cmq - 1cmqp 7)-‘; (g +if) +

ol Los 2
+(Cm&p i 1Cm&>v (ﬁ+1a)] .

1l - iIpQ =

(7.99)

where () = éME + il/;ME .

It should be noted that C . and Cp: (Equation (7.77)) have been written here as Cy and Cp
which is the more common notation for those coefficients; for axisymmetric bodies, derivatives with respect
to & or 3 are equivalent. The same argument applies to writing Cmrp as Cmqp .

Transforming the forces given by (7.82) and (7.83) into y and =z directions and including gravity and
Coriolis forces from (7.70) and (7.71), the linear momentum equations (7.24)-(7.26) become
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.. VA
X _
2m D
R AL [ PP LA UF, e
ytiz = - + 1 — 5 +id) +
2m La Lap v

{ { N = .
+ (CL LA icy, )~ (@ +if) + (CL.+ T 9—) = (f+1i%) +
qp V a/V o ap V/ V

+ Cp (7l - i’yz)] +ig ~ 24V (sinf/; + i cos Eysindl ) . (7.100)

Here Y, and Y, &re the projections of the local flight path angle ¥y on the x-y and x-z planes, g is

the acceleration due to gravity, and the last term is the Coriolis acceleration. Combining (7.99), (7.100),
and (7.15) and making the following assumptions:

(i) Products of aerodynamic derivatives are small and may be neglected.

(ii) Multiple-term coefficients preceding the various derivatives of Gp which are of the form (1+ai+b....),

where a, b, etc. are <<1, are treated as just 1.

(iii) The quantity (oA/2m) Cpl  is much less than one. For cases with small roll rates where Magnus forces

and moments are not important, this can be relaxed to (pA/2m) ()\/277)CD << 1 . Here, A is the wavelength

of the oscillatory motion and L is the length of the facility.

the equations of motion for axially symmetric bodies become:

Uy — B, —B&y = O, (7.101)

where

1S3
=~

i
™

+
-
I3

I...
+1iXp
pvial pl\ poVA I ( pl
B, - ——\{cC_ +iC — ) c, — -icC ,
2 21 My Wep v 2m 1 0\ tap V La
. .. VA c c pl (,f* 2 +l © +c )
+ i - - + i —_ 5+1id — ot
¥ z 2m Ly chp \ v l‘q Ls

1]~ =
+i (CL&D—CLQD) pv](ﬁ +in) +

+ CD('yl-iyz)} +ig - 2wgV(sin@; +icos &, sind) . (7.102)

For clarity, the definitions of the derivatives appearing in the last two equations are as follows:

oc¢
[ = =2 static moment-curve slope
My A
ac, ac
cC +C = damping-in-pitch derivative

m + m
LI d(al/vy  daV) '
a?cIn

.C = static Magnus moment coefficient
Tocp A (pl/V)

azcm 52cm
B, Mgp U Opl/V) | IV dpiV)

dynamic Magnus moment coefficient

ac,
¢, = —L, lift-curve slope
o A
oc, ac,,

. —  t =, 1ift derivative due to pitching and plunging
Lo ke 3(ql/N)  AGELY)
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a2c
L . R
C v om— static Magnus force coefficient
Lap O(Aa(pl/v)
o, a%c,
Cl - C = dynamic Magnus force coefficient.

Sa Cap QA ADIN) | Mgk A/

Distance again proves to be a more convenient independent variable than time, since it eliminates (to second
order at least) the velocity from the equations. The transformation of (7.101) proceeds as follows:

dg - iaé - Vcosya{! r Vg (cos y=x1)
= 27 2
P 7} — dv di, dx . d°x
By v—Rsal— - v B
dt dt dx? dt dt?
. LA
= vilal -c, — af
< RTV0 50 MR
p(ty - Vvp(x) .

Then (7.101) becomes
— PA PA ml? Iz —
aff - R— F+i—pl|-¢, +—(C,, -C )| +i2pral-
R {Zm 2m P [ Lap 1 Mp ™ap 1 R

PAL PA Tz ~
-d— (¢ +icC ) - — X o 1 -iC = 0, (7.103)
21 ( Mot "'u_pp ) 2m 1 P LClpp ! l‘a) %r

where ¢ , which is called the dynamic stability parameter for unpowered flight at constant altitude, is defined
as

mi?
Lt (c, +C

-C :
1 q m(:(

o ). (7.104)

A similar transformation applied to (7.102), again assuming <y is small, leads to the following differential
equation:

n P pA {

y"+iz" = - —{(c, +ic, pl)(ﬁ+i&)+
2m oap

LU.
v LI, +c.) +ic,. ¢, Ypl) (B +iaN} +
Ly 7lg Lo Lap A
i
+ —f -2 ‘e (sin@; +icos 0, sinf,) . (7.105)
v \'

We will now allow for the possibility of small asymmetries.

7.4.3.3 Small Asymmetries

For the axially symmetric body case just considered, but with slight asymmetries in forces and moments which
_are body fixed, we can, following Nicolaides’*®, simply add to the force and moment equations a term which
rotates the asymmetry into the fixed-plane coordinates. The appropriate term to add to the right-hand side of
(7.103) is

Al PA D Iz .
- —-C ti—={1-2}¢C 5 elPX | (7.106)
21 ™ 2m v( 1) b | e
while the term to add to the right-hand side of (7.105) is
LA .
- -2; CLSESEe”’" . (7.107)

where CLS and Cmns ~ are the trim force and moment coefficients due to small asymmetries from, for example,
€ '€
a flap deflection 55 . If the body is externally axisymmetric but has a center of mass not on the axis of

external symmetry, then only Cms would have a value.
€

Equations (7.103) and (7.105), along with the additional terms given by (7.106) and (7.107), represent the
equations normally used for analysis of axisymmetric bodies with small asymmetries. They are often referred
to as the tricyclic equations, a term which gives a physical description of the solution of (7.103) plus (7.106).
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7.5 DRAG ANALYSIS

Consider that a test has been conducted in a ballistic range and that time and distance data have been
obtained at a number of discrete observation stations. It is desired to determine the drag coefficient
governing the test model. We start with the momentum equation along the flight path, which is (neglecting
gravity)

a%x
m dt_2 X = .

where X is the distance traversed by the model c.g. and the drag, D, can be written

A [dRV
D.-”_—)c_
2 \dt/ P

Note that the measured data are along the earth fixed axis, x, not along X . However, x is related to

X by

3
]

X A
I cosy dx
0

J‘x dx
o COSY
where 7y is the angle between the x axis and the flight path. Extracting the drag coefficient from time and

x-distance measurements using the above equations is a difficult task. In ballistic range testing, however,
7y is normally less than a degree (1 ft swerve in 60 ft of travel). Hence, one can make the very good approxi-

or

L 2]
n

mation that cosy = 1, and thus X = x. The momentum equation can then be written
¢’ ad PA ¢ 7.108
—_— = — = ¥ .108a
dt? dt m P ( )
or
i P C 7.108b
— = —-—¥ . .
dx 2n D ( )

This is the basic equation for determining the drag coefficient.

7.5.1 Case with Constant Coefficients

When the density, reference area, mass, and drag coefficient (o,A,m,Cp) are all constants, (7.108) can be
integrated in a straightforward manner. From (7.108a),

VO
v - 0 (17.1092)
1+ VKCy(t—t,)

Alternately from (7.108b)

logeV = log,V, - KCp(x —x4)
v - voe_KCD(x_xo) ' (7.109b)
where K = pA/2m, and the initial conditions are t = to, V=V, at x = x;.
Integrating again yields
t o=ty b [ ] (7.110)

V,KC,

Any of these equations can be used to determine the drag coefficient, and different simplifications are employed
which lead to varying degrees of accuracy. The simplest approaches will be considered first since they are
amenable to hand calculations and then more complicated ones suitable for high speed digital computers will be
discussed. (A brief discussion of drag determination is also given in Chapter 10, Section 10.2.3).

Method 1: The simpler methods are based on (7.109) rather than (7.110), and begin by calculating the velocity.
The average velocity between stations 1 -1 and i is given as

v, o= X7 X4

(7.111)
Av hy

i 7 b
For small velocity loss, this average velocity may be assumed to occur at the center of the distance interval,
and the use of two adjacent intervals will give two velocities whose difference AV is a measure of the
deceleration. Thus, data from two such intervals may be substituted into (7.108b) in difference form
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v

= = S KG (7.112)

to calculate €, . Here V,, is the average velocity over the double interval of three measuring stations.

Method 2: More accurately, the velocities calculated using (7.111) may be used in (7.109b) which may be written
as

logeV = logeVu —- KCpx , (7.113)

where X, has been arbitrarily set to zero. The slope of a plot of log,V versus x is -KCy . A least
squares fit (see Section 7.12) of this linear equation to the logeV versus Xx data will yield the drag
coefficient.

This approach still retains a small error in that the average velocity does not occur at the center of the
interval. The error can be almost entirely eliminated by a procedure suggested by Seiff’ '3, This procedure
is given next.

Method 3: First note that (7.109) and (7.110) can be combined to yield
1 1 1
At = —_ -, (7.114)
KC V V0

where Vr is the velocity at the end of an interval, V;, is the velocity at the beginning of an interval,

and At is the time of flight over that interval. Next the average velocity for that interval is

v 8X oA ! (1.115)
= e = X m— .
Av At o 1 1
ve Y
Now consider at what x position this average velocity occurs. Using (7.109),

-KCpKd
Vay = Vpe PREX, (1.116)

where ~Ax is the x position in the interval (measured from the beginning of the interval) at which V,,
occurs (K::% for constant deceleration). Combining (7.115) and (7.116) yields « as

(1))

Vo
loge V

K =

(7.117)

This then represents the fraction of the interval Ax at which the average velocity occurs and hence the point
where V,, should be plotted.

To apply this result, « is first set equal to % . After the first approximation to the velocity-distance
curve is obtained, x can be evaluated for each interval and x positions adjusted accordingly. This new set
of data can be treated as before and iterated to convergence. (Normally, a single iteration is sufficient.)
This procedure is straightforward but requires precise calculation in evaluating ~ from (7.11T).

Method 4: Another approach is to use (7.110) to obtain the drag coefficient directly from the time-distance
data. An approximate method for employing this equation is to expand the exponential and retain terms to
order x? . Thus, setting X, = 0 , we obtain

1
£ =ty - x+—2 (1.118)

v, 2V,

A least-squares fit will then yield the drag coefficient.

Method 5 Equation (7.110) could also be used without any expansion approximations even though C, appears

in an exponent by using either a differential correction procedure or some other numerical procedure to minimize
the sum of the squares of the residuals of measured and calculated times at the given x locations. One method
of minimizing residuals is to fix the value of the drag coefficient (use approximate value of CD obtained from
applying Equation (7.118) to start with) and fit (7.110) to the x-t data by least-squares (this is straight-
forward) and obtain values for V, and t;, . Next compute the sum of the squares of the time residuals, then
change the drag coefficient a small amount and repeat the process. If the sum of the squares of the residuals
increases, change the drag coefficient in the other direction and repeat the process. If the sum decreases
continue to change CD in the direction minimizing the sum of the squares of the residuals. Whenever the sum
increases, CD is changed in the other direction by a smaller increment. This process is assumed to converge
when the increment becomes smaller than some prescribed value.
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7.5.2 Cases with Variable Coefficients

7.5.2.1 Treatment of Drag Coefficient Dependent on Angle of Attack

At first glance it would appear that the drag coefficient determined assuming Cp constant (Section 7.5.1)
would be of little value when C_ depends on angle of attack. However, this is not the case. Reference 7.14
showed that for axially symmetric bodies with drag coefficients which are quadratically dependent on angle of
attack, i.e.,

S p *Cp g, (7.119)

a mean line (to be described) through a plot of log,V versus x data determined an effective drag coefficient
Cp given by
ett c = Cp +Cp & (7.120)
Oere 0 " “n,%rms - ’

Here C“o is the zero-angle drag coefficient, Ugp 1is the resultant angle of attack, and

Y px :
ams : ; Iu Ug dx .

From (7.119) and (7.120) then, it is seen that CDeff is that value of C; which occurs at a resultant angle
of attack equal to the root-mean-square resultant angle of attack of the flight in question. Therefore, for
each flight or flight segment one obtains a value for Cnefr and Uems - If these points are plotted as

Cneff versus aims and a straight line is fit to them by least-squares, values for C“o and C02 are obtained
and one then has an expression for Cp versus angle of attack.

If the drag coefficient cannot be expressed as a quadratic function of angle of attack but is instead of the
form Cp = Cp + Cp & , then the angle of attack at which to plot the effective drag coefficient is’''®

1 ax 1/n
_ (2 n
Umn X L Up dx

and

The best value of n is found by a trial and error process.

A genernlization of these ideas is possible. The drag coefficient is assumed to be monotonic (either increas-
ing or decreasing with angle of attack) and can be represented by

Cp = Cp + cDiag + cnjag to (7.121)

where the exponents i, j, etc. are arbitrary. If this is substituted for Cp in (7.108b) and integrated once,
then

X
log,V = log.V, - K I Cp dx . (7.122)
[}
With the definition .
_— — x - i j
C, - Lﬂ Cp dx = cD0 + cni(aTMi) + CDj(armj) to... (7.123)

where

Equation (7.122) can be written
logeV = log,V, - KCp X . (7.124)
eff
Hence, a mean line through the logev vershs x data would yield CDerf and from several tests which had
different values of angle of attack one could determine the coefficients Cp, . CDx‘ etc. provided the angular
motion had been analyzed and the appropriate angles determined. The quadratic and nth power laws are special
cases of this approach.

The term mean line has appeared several times and needs to be defined. It can best be visualized by con-
sidering the logev versus X plot in conjunction with an angle of attack versus x plot such as those shown
in Figure 7.7. For a drag coefficient which is monotonic with angle of attack the mean line which yields the
effective drag coefficient is that line which intersects the actual logev curve at x positions corresponding
to maximum and minimum drag points and hence to the maximum and minimum angle-of-attack points as noted in the
figure.

Note that in the present formulation the mean line is straight; hence, the pitching motion is assumed not to
be excessively damped. Furthermore, in practice a least-square procedure is normally used to obtain Cpcfr and
this does not necessarily yield a mean line in the sense just described. It gives the mean line only if the
angular motion is undamped and the least-squares fit extends over a flight path of many cycles of oscillation.

For a half cycle of pitching motion, the result shown in Figure 7.8 occurs.



The deviations are normally small for cases of practical interest, however.
introduced by assuming that the least-squares line is the mean line have been obtained by numerical techniques.
It was assumed that the drag coefficient was quadratically dependent on angle of attack and that the drag

coefficient at zero angle of attack (CDO) was known exactly.
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Some examples of the error

The deduced value of Cp, was found to depend

on (i) the amount of damping present, (ii) the number of cycles of pitching motion, and (iii) the phase relation
of the pitching motion to, say, a sine wave. The ratio CDZ(deduced)/CDZ(actual) is shown in the following

table.
e/ n=- 0.5 n=-1 n-2 n=3 n=35
0.9 0.70-1.30 0.92-1.08 0.98-1.02 0.99-1.01 0.99-1.00
0.7 0.70-1.30 0.90-1.07 0.96-1.01 0.97-1.00 0.98-1.00
0.5 0.67-1.29 0.86-1.06 0.92-0.99 0.93-0.98 0.95-0.97
0.1 0.54-1.22 0.58-0.98 0.65-0.83 0.68-0.79 0.71-0.78
n = number of cycles of pitching motion
Gg = angle-of-attack envelope at end of flight
4, = angle-of-attack envelope at start of flight

The quantity af/ao is proportional to the damping. The range of the numbers tabulated for the Cp, ratio
extends from the smallest to largest obtained as the phase relation was varied between 0° and 90°. Note that if
2 or more cycles of pitching motion are available and modest damping is present, the error introduced into Cp,
is at most a few percent.

When the least-square curve fitting procedure is applied directly to the time-distance data rather than to
logev versus distance data, the situation is more complicated. It cannot be shown exactly that the Cp
concept carries over to this case since (7.108) cannot be integrated twice in closed form when the drag coeffi-
cient depends on angle-of-attack. However, for planar motion and small velocity loss the CDeff concept can
be proved valid. For quadratic drag, it can be shown to apply for nonplanar motion again assuming a small
velocity loss. Since in most cases of practical interest the velocity loss is small, the effective-drag-
coefficient concept is valid within the limits imposed by the small damping restriction.

7.5.2.2 Treatment of Variable Ambient Density

In counter-flow facilities, the model may encounter density variations along its flight path. Usually the
density variations encountered are not extreme, deviating perhaps *20% from a given level. When this is the
case, a very accurate estimate of the drag coefficient can be obtained exactly as before but using the average
density over the length of the flight instead. That is

! IL (x) d (7.125)
= - X X . .
Pav L ds P

7.5.2.3 Treatment of Variable Model Mass

The problem of variable mass, which arises in the study of meteors, can also occur in the simulation of
meteoric events in the laboratory by use of models. (To a lesser degree, mass variations occur with any model
which ablates in flight.) The parameter of interest here is not the drag coefficient but rather the mass
loss rate. If the mass loss rate is small, the drag coefficient and model reference area may be assumed
constant. Further, it is assumed that the velocity of the mass leaving the body is small so that (7.108) is
still applicable. Then differentiating (7.108) with respect to time and rearranging yields

a%v [av
- PVAC, - m

m o= __ 1=
dt?/ dt
(7.126)
. 2m dv d?v/dv
or iR - — - ——
v dt dt?/ dt

If CD is known from another source, the first of these equations should be used.
the distance versus time data must be differentiated three times to determine m .
this procedure will not yield accurate information.

These equations indicate that
Unless the data are very good,

Given the functional dependence of the mass loss rate on velocity, one can obtain the mass loss rate more

accurately. Consider the function
m o= -kV, (7.127)
where k is a positive proportionality constant which depends on model material, size, and freestream density.
(This function approximates ablators with good convective heat transfer blockage at very high speeds.) Equation
(7.127) can be integrated, yielding
m-m, = -kx, (7.128)

where at x =0, m = mg, V=V,, and t = t,
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By restriction to small mass loss, the reference area and drag coefficient are again assumed constant.
Substituting the linear expression for m into (7.108) and integrating gives

v K PACH/ 2k
- = (1 - — x> (7.129)
m
4]

VO
(1_
m

k
m
(A °AC - k" = . (7.130)
J 2
k(1 -0y, STy
2k m, 2m °

o
For small mass loss this can be expanded as follows:

1 PAC, X YAC 1AC K\ x3
t = ty t— x + RS 11——9 k| == .. (7.131)
\ 2m V2 2m0V0 2m0 m, /) 6

Integrating again yields

1-(pACy/ k)
x)

Note that this eguation is the same as that derived previously for constant mass (Equation (7.118)) to the
order x? . The information defining k occurs in the x3 (and higher order) terms. Hence, well-defined
data are again required, but less accuracy is needed than for the first method, since (7.131) uses the entire
run to determine the coefficient k , while in the first method, the curvature in the velocity curve was con-

sidered locally.

In the event that the area changes importantly while the drag coefficient remains approximately constant
(e.g., the case of an ablating meteor model with intermittent flange build-up and loss), one can deduce the
mass-loss rate, provided the area change is known from shadowgraphs or other sources, by rearranging (7.108)
to yield

- PA(X)C V(x)
- e (.132)

Since all of the quantities on the right side of this equation are known or measurable at various points along

the trajectory, one can plot the mass versus time. The ‘slope of this curve is the mass loss rate. Again, this
slope involves effectively a third derivative of the time-distance data.

7.5.3 Correction for Swerving Flight Path

The assumption that flight path distance, X , is equal to the distance along the x axis can be removed if
the swerving motion of the model center of gravity has been analyzed to yield a flight path distance. To first
order, an average value of 1/cos’y is computed over each data interval and applied as follows:

1
AR, = Dx —_— . 7.133)
i expy <cosy>”_ (
1

i 1 pETOX gy
= — . (7.134)
coS Y/ ay Ax §y cosy

A good approximation to the flight path distance is then

where

g = KA. (7.135)
1

This correction is time consuming and usually unnecessary. It need be considered only in cases where the swerve
is very large, enough to significantly increase the total distance traveled.

7.6 STATIC AND DYNAMIC STABILITY ANALYSIS

A model designed so that its center of gravity is ahead of the center of pressure of the aerodynamic forces
will oscillate when in free-flight. Normally orthogonal shadowgraphs are taken at a number of stations along
the trajectory to define this oscillation. Frequently, small pins are included on the base of the model so
that the roll orientation (and hence roll Fate) can also be determined.

The types of motions obtained from ballistic range tests are many and varied. The easiest way to visualize
the motion is via a crossplot of the angle of attack versus the angle of sideslip (¢t versus ﬁ). This is equiva-
lent to watching the path traced by the nose of the model on a plane normal to the velocity vector. Examples
of typical motions are shown in Figure 7.9. The upper left motion has essentially zero roll rate, the lower
right motion has a high roll rate. The roll rate present can be measured by the amount of precession of the
peak amplitudes.
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From a knowledge of the angle history experienced by the model, it is possible to deduce the static and
dynamic stability coefficients which governed the flight. A number of methods are available for doing this
and will be discussed in the following sections.

7.6.1 Determination from Wavelength and Amplitude Variation

The first method to be considered is not sophisticated, but does lead to a good physical understanding of
the problem. The following assumptions will be made.
(i) Static restoring moment is linear with angle of attack.
(ii) Dynamic stability parameter is constant with angle of attack.

(iii) Aerodynamic coefficients are constant over the trajectory portion analyzed (small Mach number and
Reynolds number changes or insensitivity of coefficients to Mach number and Reynolds number).

(iv) Motion is planar, which implies that the roll rate is zero. This assumption is introduced to simplify
the discussion, and will be dropped presently.

The static and dynamic stability parameters, Cma and £ |, are determined from the wavelength and the change
in the maximum amplitude of the motion, respectively. Consider the differential equation of angular motion that
is appropriate under the assumptions listed (simplified version of Equation (7.103)):

A - KéEu' - KCp ot = 0, (7.136)
[+
where
A
K = p—
2m
£ - dynamic stability parameter (or damping parameter) for
unpowered flight at constant altitude
Al
K -
8 21
[of = acm = i
B -a = static moment-curve slope.

Equation (7.136) is of the form
a'"+ ma’ + W = 0, (7.137)

which is the differential equation for damped simple harmonic motion. The solution to this equation is
L L
& = e ™ [A cos (-0} x + A, sin (0®-7')? x] . ('7.138)

1
Normally 7 << w so the frequency can be approximated («?-7%)? R w .

From (7.136) and (7.137) we can write

£ = A/ (7.139)
K DPA/2m
and
c - -20°1
P, K PAl
The wavelength is
27
A= —
w
and Cmol in terms of the wavelength becomes
-87%1
C = (7.140)
L AZpAl

Note that this equation specifies that for linear aerodynamics (i.e., C"‘a = constant) the wavelength of the
motion does not depend on the amplitude.

Making use of (7.138) and Figure 7.10, it is seen that
at x, = 0, o, = A

1

at x, = A o

it

P (Al cos wh + A, sinwh) ;
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but A = 27/w,
s0 o, = e (A, cos 27 + A, sin2n) = Ale_")‘
-7h
92 = Ale = e_n)‘ .
% A

o
Hence loge <a3> =--mA (logarithmic decrement in amplitude)
1

1 o,
n = -=log, = . (7.141)
)N oy
In terms of £ , from (7.139),
1 2
08, m
_ 1
£ = (———m/%))\, (17.142a)
which can also be written as
a, = elPA/amer (7.142b)

Hence, knowing the wave length and the amplitude ratio, the static and dynamic stability parameters can be
determined from (7.140) and (7.142).

Note that the dynamic stability parameter could also be determined using, for example, the ratio !aaﬁxJ
together with the distance between these peaks. This is not as accurate as using the ratio from every other
peak due to the possibility that the model is oscillating about a trim angle of attack other than zero.

Assume next that the motion is not planar but the roll rate is small. The static and dynamic stability
parameters can be determined exactly as before except now the wave length and amplitude ratio are determined
from a plot of the resultant angle of attack (dg) versus flight distance (note &y ~ v {(a?+/3)).

Now assume in addition an arbitrary (but near-constant) roll rate which is presumed known. The expression
for the static stability parameter is then given by the following equation, the first term of which is the same

as (7.140):
2 2
c - At ALY
Moy A2pAl  pAl\2 1
In this case, however, there is no simple expression like (7.142) for obtaining the dynamic stability parameter

7.6.2 Determination from Angle of Attack Variation Near a Peak

The pitching moment coefficient (Cm) and damping parameter (£) can also be determined by applying directly
the differential equation of motion and determining the angular accelerations from the angle of attack history.
This method can be applied to motions at all amplitudes (including tumbling motions) and is not limited to
linear aerodynamics. While the method of the previous section requires that more than a cycle of oscillatory
motion be defined, with three peak amplitudes to get dependable results, the method we will now present requires
instead as many data points as possible in a quarter to half cycle of motion, preferably containing a peak
amplitude near its center. The assumptions made in this approach are:

(i) The Mach number or Reynolds number variations in the aerodynamic coeff:cients may be neglected.
(ii) The angular motion is accurately defined on both sides of a peak.

(iii) The motion is nearly planar. This assumption will be relaxed later

The general differential equation of angular motion for planar flight is

"o
an = K(Cpp + Kg(Cg (7.143)
where
(Cm)D = dynamic pitching moment coefficient
(Cm)S = static pitching moment coefficient
A
K = 22
2m
Al
K, =
s 21

The half cycle of motion to be analyzed is represented in Figure 7.11 and can be considered as two segments,
divided by the peak, where «' - 0 . If there is damping in the system, the u(x) curves on either side of
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center will not be identical. The difference between the two curves is a measure of the damping. The shape

of the curves (Al(x) and U.2(x) will reveal the nature of the pitching moment which produced the resulting
motion.

We proceed as follows. Define

u(*al(x), xl<x<xc
araz(x), xc<x<x2
and at X TXg
a = 0, k(X)) = a(x) = Uy
From (7.143)
aln = K(Cm)Dl + Ks(cm)sl
(7.144)
"oo_
o, = K(Cm)D2 + I(S(Cm)82 .
At any given « the static moments are identical, that is
Cps = (Cpg = (Cy)s .
1 2
From (7.144) then, at points of equal « ,
al v el = K[, ¢ (€] 2K (G
or
all + C(” K
(C) ¥———[(C) + (C) ] (7.145)
m's 2K 2K m'D, n’l,

Thus, from values of the angular accelerations al” and CLZ", if we could either evaluate or neglect (Cm)D
and (Cm)n? , we could readily compute values for (Cm)S . When the damping contributions to the total moment

are zero or negligible, that is (Cm)nl = (Cm)g2 = 0 , then

[ n _ "
a = a, = «
and (7.145) reduces to
aN
Cys - (7.146)
Ks

An expression for « = ®(X) can be obtained by fitting a polynomial in x to the « versus x data.
Differentiation of this expression twice yields values of &' (x) which lead directly to Cms(x) through
(7.146). By plotting Cms versus & for common values of X, Cms(a) is obtained.

Real systems have some damping, which is in general proportional to the angular rate,

- 1
Cylp = al
where & is again the dynamic stability parameter.

On substituting (Cm)Dl = £al and (Cm)Dz =&u; into (7.144) we get

ol = w! + K .(C)
! Kot + K Cads, (1.147)

”n !
4, Kgo, + K (Cy) s,
Subtracting these equations for points at a common value of « , remembering that (Cp)g = (Cpls, at a given
& , we get
' [ - ’ !
axl - % = Kf(ax_az) i

so that

" g tt
g = L% (1.148)
Klu) -oy)

Thus, the damping parameter can bé calculated from the first and second derivatives of the angle of attack

variations with x at points of common amplitude on both sides of the peak, «_ .
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When the damping terms are retained, the static pitching moment is calculated as follows:

Equation (7.145) is written with the damping coefficients proportional to angular rate

" "
oy + o KE

(Cps = TR o) +ay) .
But £ is defined by (7.148) so
©) = “‘”; el I
Ks 2Ks(a1 _az)
and we obtain
(€))s %% - %% (7.149)

K (o) - o))

The static and dynamic pitching moment coefficients can be obtained over a large angle of attack range by
this technique if the observed motion of «& versus x can be well represented mathematically. A polynomial
of the form o = A + A,x + Ax" + ... + ANx"" is fitted by least squares to the o versus x data. At
each value of « , there will be two (meaningful) values of «' and u", one for each side of the peak.
Substituting these values in (7.148) and (7.149) gives the desired results. The method is least accurate in
the low-angle portion of the « versus x curve where the acceleration is small and consequently the curvature
approaches zero. An improvement to the results can be made by first locating the point of o' = 0 by least-
squares fitting the entire set of data. Then, two separate polynomials, one on each side of the peak, of the

form « - O.m = Ale + A2x3 + ...+ ANx"” can be given zero slope and the same peak amplitude at this point.
Assume now that the motion is not planar but that the roll rate is small. Equations (7.148) and (7.149)
then become
2 2
af - of bl - )
K al _al ! _ [
(R‘ R2) K(Uq;1 an2)

LA
1

(7.150)

14 ! ! ! 12,1 12,1
(C). = UR,%Ry ~ OR YR, anSz Up, — O‘R1¢’x Uy (7.151)
m’S 7 7 7 7 . .
Ks(ah, - ok,) K (AR, - og,)

where O, again denotes the resultant angle of attack and ¢’ is the rotation rate of the resultant-angle
vector in the «-8 plane (Fig.7.12). The subscripts 1 and 2 on %y and @' are interpreted exactly as in
Figure 7.11. At a given value of Oy on each side of the peak angle there will be corresponding values for
¢, and ¢, just as there are for o, and oté2 .

For motions governed by a linear static moment and constant damping, one can analyze (Aﬂ(x) , W(x), or B(x)
separately and obtain equally valid results within the limits of experimental error in angle readings. For
motions governed by a nonlinear moment where the minimum Og is more than about 20% of the peak oy, only
the Ggp{x) curve will yield meaningful results. However, since «y does not go to zero as in a planar case,

the range of oy values to be analyzed should not go beyond the inflection points on either side of the wy(x)
curve,

The success of this method depends strongly on accurate angle readings. The damping coefficient is very
sensitive to random error. The static pitching moment coefficient is much less sensitive and sometimes can be
determined to a useful degree of accuracy even in the absence of a peak. However, without the motion history
on both sides of a peak, one has no way of determining the dynamic moment. An example showing application of
this method is given in Section 7.9.2.

7.6.3 Tricyclic Method

The methods discussed so far run into serious problems in cases where asymmetries are present or when an
unknown roll rate exists. These cases require the more complete tricyclic equations of motion for proper
treatment’ 5:7-'8  In discussing the tricyclic method, projected angles as defined in Section 7.3.3 will be
used instead of modified Euler angles. To the order of the approximations that will be made, the two sets of
angles are essentially identical.

The important assumptions of this method are:
(i) Basic axial symmetry with only slight asymmetry due to, for example, a control surface or offset
center of mass.
(ii) Linear aerodynamics.
(iii) Constant roll rate.
(iv) Small angular displacements.
(v) Small linear displacements due to swerve.

(vi) Small velocity change.
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The differential equation of angular motion has been given in (7.103) and (7.106) and is reproduced here as
follows.

_ PA PA ml? I~ -
Al -4— €&+ i—opl|l-¢ +— (. -C Yi+iZXpral -
¢ {2m ¢ m "’ Lop 1 fap  Map 1 P %R

PAL PA Iz — ;
- {— (¢, +iC H-=—2p( [-ic A, = RelPX (7.152)
{2! Cay, “‘app) m1 "¢ Lop? b | %
where EER = B+iu
_ mi?
and £ = ¢y~ C"a + T (Cmq+c"‘d) .
Equation (7.152) can be written as
- — — 2
Ug = (P +B)GL + Py = Ky (y =) (b, =) €T, (7.153)
which has the solution ® ¢ "
Ay = Ke't* +Ke " 4Kkt (1.154)
This is called the tricyclic equation, since it is equivalent to three rotating vectors in the ®-53 plane.
This is shown in Figure 7.13, with the following nomenclature defined:
b, = 4w, K, = b, +1ia
@, = 71, - iw, K, = b, +is,
¢, = ip Ky, = by +ia, .
If we write the components of an in (7.154) we get
8= et (b, cosw x~a, sinwx) + e 2% (b, cosw,x +8,sinwyx) + (b, cos px ~a_ sinpx)
o =et* (bl sinwlx+alcosmlx) +e'2* (-b, sinw,x +a, cos w,x) + (b, sinpx +a, cos px) .
Note that from (7.152) and (7.153) we get the expressions
PA oA nl? I
b +p, = —E+i—pl|-C, +— (C. -C +i X
! 2 2m f 2m P L(Ip 1 ( mup mqp) I P
-pAl PA I~
¢, = — (¢, +iC, pl) +— X p(c, pl-ic
X T ( o " 1Cn, P ) 2 1 p( L, ? l‘a)
Ky (by-b,) (dy-b,) = R .
Also,
bt = oM, (e —w)
Pb, = MM, tww, + 1w -nw,)
We therefore have
i £ (7.155)
7] + = — .
TR on
PA 1? Iz
w -w = —pl{-€ +— (C,. -C + 2 7.156
1 2 2m [ Lap ¢ B mqp) P ( )
-pAl PA 1y
tww, = — +— =plcC 7.157
7, 1“2 o Cme T TP Lop ( )
-pA Ig PAl
w = 7w, —_— - —=C I (7.158)
Ko T, 2m I Ly 21 ﬁxpp

In order to obtain numerical values for the desired aerodynamic coefficients one must obtain the coefficients

in (7.154).
fit (7.154) to the experimental dat

b,,m,.m,,w , and w, are deter

a, « and [, at various values of x .
mined from the fit. If one examines (7.155) thru (7.158),

A least squares procedure using differential corrections (described in the appendix) can be used to
The constants a,, a,,8,,b

10 b

it will be noted

that there are more aerodynamic coefficients to be determined than there are equations, a seemingly impossible



300

situation. However, for most ballistic range tests of aerodynamically stable projectiles launched from non -
rifled guns, the model experiences low roll rates and the Magnus terms can usually be ignored. It will be
shown later, after development of the displacement equations of motion, how some of these Magnus coefficients
can be obtained. When the Magnus terms are negligible, it is very simple to obtain the remaining coefficients.
From (7.155) the dynamic stability parameter £ is

ot T
g = Lk 1.159
£A/2m ( )
while from (7.156) with CLO.p R C‘“cip s C"'qp' and Cmap: 0,
I .
@ o-@, T T {(7.160)

Thus, the roll rate p is not an independent parameter but is fully determined by w, and w, . From (7.157),

since M, << ww,, we obtain
—2w1u)21
[ T — (7.161)
Mo PAL
Equation (7.158) indicates that CL(x can be obtained from
w, — 7,Ww
¢, - e T T (1.162)
o PA I‘X.
m 1
However, the 7's and «'s are usually not precise enough to define an accurate value of C from this

expression. If CLa can be obtained from the swerve (displacement of the model trajectory) then one can

express 7, as a function of 7 , Cch and p (Equations (7.160) and (7.162)):

n, = +pAc 2 - c (7.163)
2 - @ 2m Lo w, 2m by ° ’

We therefore have to determine only nine independent coefficients rather than eleven. For the case where p
is known from experimental measurements of the model roll rate, then from (7.160)

I3
I® (7.164)

PA Wy - (I;/I)D PA
= +—C —_—— - . 7.165
2 <771 2m L'a)( wy 2n o ( )

Then @, and 7, are functions of only @, and 7, and the measured values of p and CLa,and only eight
unknown coefficients have to be determined.

and as a result

7.6.3.1 Starting Solution

To initiate the least-squares-with-differential-corrections procedure, starting values for the unknown
coefficients must be provided. The method used is a modification of Prony’s method? !?. Fundamental to Prony’ s
method is the following theorem: If

; 3 ¢ ix;
Briw), = 32 Kpe ¥, (7.166)
J=1
where
XS XL X, Xy (x locations of equally spaced points, Ax apart)
L= 1,2, ...n (n = number of points, S+ ix) ,

then [ + iot satisfies the linear difference equation
(Briad ,, + QB+ia) ), + Q (B+id),,, +Q(B+iw); = 0, (7.16T)

where Qs are constants such that the roots of h3 + th2 +Qh+Q, =0 are

b50x
hj e .

This minimizes

ZB+ia),, + QB+, + Q(B+in),, + Q (B+iw))? (7.168)
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instead of
z [('8 + io()measured -8 +ia)calculnt;ed] ? ' (7.169)

which means simply that the coefficients derived from the procedure are not the “best possible’ coefficients
but are good first approximations. To obtain values for the coefficients Kj and ¢, , the first step is to
solve the following set of equations by the method of least squares for Q2 , Q1 , and Qo (see Equation (7.167)).

1

BHiaw), + QB+i), + Q (B+in), + Q (B+in), 0

(ﬁfi“)s +Q,(B+in), + Q,(B+iw), + QB+ia), = 0

' (7.170)
i
B+ia), + QB+, + Q B+ia), _, + Q(B+in},_, = 0.
With Q,, Qx' and Q, known, the cubic equation
b’ +Qh?+Qh+Q = 0 (1.171)
is solved for roots h,.h,, and h,, where
2 h ¢, 8x
1 < e
h, = e%2%% (7.172)
h e%Ax .

Then Equations (7.172) are solved for gbl \ ¢2 and d>3, which are substituted into (7.166) to obtain K, , K,,
and K3 by a second least squares operation. However, since ¢3 is not independent of ¢1 and ¢2 for the
tricyclic equation in guestion (i.e., p=f(w,@,)=>$ =g} ,$,)) the procedure is slightly modified.

We assume initially that qﬁa = 0 and therefore h, = e® = 1. We therefore have

$ox

Briw), = KP4k ef ik, (1.113)

and h? + Q2h2 + th +Q, =0 has unity as a root and we get 1 +Q, +Q +Q;, =0 . If we eliminate Q,
between this equation and (7.167), we have

B +ix) |, - B+ix) @, + [(B+ix),,, - (B+in),Ja, = B+iw), - B+id,,, . (1.174)
Ty}iz equation is now solved by least squares for the coefficients Ql and Q, . The exponentials ed>1Ax and
e"2°X gare now found to be the roots of
h? + (Q+Dh+ (Q +Q,+1) = 0. (7.175)
So from
¢, Ax
hl e
(7.176)
h, = e¢'2Ax

2

we can get ¢, and ¢, . From ¢, and ¢, we can calculate ¢, using the expression

[y + A
¢3 = 1[—‘1;/—1 .

where Jd denotes the imaginary part. The process is repeated with the new q’)a until the coefficients remain
essentially constant. The values of ¢, are then substituted into (7.166), and K, solved for by a second
least -squares procedure. Since equally-spaced data are required for Prony’s method, they are either computed
from the raw data using some interpolation scheme or obtained from hand fairings of the data.

7.6.3.2 Swerve Corrections

In ballistic range tests the angular measurements are normally made with respect to an earth-fixed axis
system while the differential equations involve angles relative to the actual flight path. Hence a correction
to the angular measurements may be required for the swerving of the trajectory. These corrections (which are
usually small) can be computed by differentiating with respect to distance the z(x) and y(x) curves derived
from the tricyclic 1ift analysis (Section 7.7.3). Figure 7.14 shows the relationship of the swerve trajectory,
flight path angle, and measured angles in orthogonal planes.

dz
o = 6+ tan”! —
dx

o, dy
B = -y +tan”! — .
dx
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With this new set of angles the stability analysis could be performed again to give a better set of coeffi-
cients from the tricyclic analysis and then an iterative procedure set up between stability and lift analyses

to obtain the best solution possible (that is, one would iterate until the angle corrections remained essentially
constant).

7.6.3.3 Rotation of Coordinate Axes

One of the assumptions necessary in the derivation of the tricyclic equation (7.154) is that angular displace-
ments are small so that the resultant angle of attack is simply the square root of the sum of the squares of the
pitch and yaw angles:

Up V(@ T) (7.177)
The exact expression for the resultant angle of attack (with « and /5 regarded as projected angles) is

%p = tan 'i(tan®u+ tan?f) | (7.178)
These two equations agree closely for small angles. They agree exactly if either « or 5 equals zero. Thus,
the error introduced by (7.177) can be reduced for near-planar motions by rotating the coordinate axes through
an angle ¢ to keep the angles in one plane small. To accomplish this, a peak amplitude near the middle of the
flight is rotated into either the pitch or yaw plane, establishing the angle ¢ , and then all data points are
rotated through this angle. This concept is illustrated in Figure 7.15.

The error due to using the tricyclic analysis at large amplitudes (without rotating the data) is most evident
in the dynamic stability parameter, < . Figure 7.16 demonstrates the magnitude of errors that are encountered
for a typical case. Consider a test in a range which has 11 data stations at 1.22 meter intervals with test
conditions such that »A/2m = 0.002/m and the wavelength of oscillatory motion is 7.9 meters. Various values
of £ are considered at root-mean-square angles of attack of 20°, 30° and 40° for a planar motion with
¢ - 45° (the worst case). The figure shows the induced error & -& )} as a function of & for the three

*exact
values of %.ms - Note the near linear dependence of the induced error on “ , and also the progressive

increase in the error with increasing Apps -

7.6.4 Nonlinear Static Restoring Moment

7.6.4.1 Introduction

One of the assumptions inherent in the tricyclic method (Section 7.6.3) is that the static pitching moment
varies linearly with angle of attack. This is usually a good assumption at smdll angles of attack, but may
not be true at larger angles of attack. In this section an examination will be made of nonlinear moments which
contain various terms from a power series in angle of attack (or in resultant angle of attack).

Mo - ZMna“", (7.179)

The term represented by n == 0 will be referred to as a linear moment. Similarly, n = 2 will be called a
cubic moment; n - 4 , quintic moment; etc. Care must be taken in using even powers of & since they result
in a moment curve unsymmetrical about the origin. For axially symmetric bodies, we want a moment which is an
odd function of « , and hence use even exponents in the form M3u3|a| , etc. It will be shown that the
results from the tricyclic method previously developed can be used as a first step in finding the nonlinear
coefficients.

It is worthwhile to consider just how nonlinearities in the static moment can be detected in ballistic-range
data. These nonlinearities affect both the shape and frequency (or wavelength) of the model oscillation. It
is found, however, that moderate nonlinearities have only a second-order effect on the shape. In most instances,
the resulting wave form differs very little from a damped sine wave. This is illustrated graphically in

Figure 7.17, where the wave form for a pure cubic moment (M- AM?u3) is compared to a sine wave having the same
wavelength. This comparison is for planar motion with zero damping. It should be noted that the wave form
corresponding to all nonlinear moments of the form M = - Mu - M2a3 , where both terms are stabilizing, would

fall between the two curves shown in this figure.

Hence, the primary means for detecting nonlinearities in the static moment is by observing changes in the
wavelength with amplitude of the pitching oscillation®. When the moment is nonlinear, the wavelength changes
with amplitude as a consequence of the change in the mean slope of the pitching moment curve, Cma (see
Equation (7.140)). Normally, the aerodynamic damping is small so the wavelength of the model oscillation is
essentially constant during a given flight even though a nonlinear static moment exists. For this reason, a
number of flights of a given configuration must be made having different peak amplitudes before the form of
nonlinearity in the static moment can be determined.

A number of methods have been developed for analyzing ballistic-range data where a nonlinear static moment
exists. Some of these methods will be detailed in the following sections. For clarity, the discussion will
proceed from simple, very restricted systems toward a general solution with many of the restrictions dropped.
First, however, it is useful to illustrate the influence of nonlinear static moments by considering a mechanical
analogue.

* In at least one instance’"!®

moment .

, the change in the wave form itself was used to determine the nonlinearities in the static
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7.6.4.2 Mechanical Analogue

The analogy between a spherical ball rolling over a contoured surface and the combined pitching and yawing
motion of a model in flight is developed in Reference 7.19. A necessary assumption is that zero gyroscopic
roll rate of the missile being simulated must be prescribed. Consider for simplicity an axially symmetric
configuration. Then construct a bowl according to the equation

- 2 I
z Zg b AT A?r L
or
dz ,
&; 24,r 4 4A X7 + L.

where 2z is the height of the bowl surface and r is the distance from the bowl center. A ball rolling over
this bowl would execute a motion equivalent to the « versus /3 motion of a model in free flight which was
governed by the static moment

where CIn denotes the moment coefficient at a given resultant angle of attack. In other words, C, has the
dz

same form as — |
dr

A number of bowls were made to check out the usefulness of this mechanical analogue. The contours of these
bowls, and the static moments they correspond to, are shown in Figure 7.18. The bowls were placed directly
below a motion-picture camera, and balls of different sizes and different materials were launched into them by
rolling the balls down a chute. It was found that the surfaces of the bowls could be oiled in varying amounts
to maintain a control on the damping in the system. Checks made with the “linear-moment” bowl, where an exact
analytic solution exists, showed the bowl analogy to be valid.

The real interest in this analogy lay in examining the effect of a nonlinear static moment. One set of
results for a linear-cubic moment where the linear term is destabilizing is shown in Figure 7.19. The two
components of the resultant angle of attack make little sense by themselves, but the cross-plot of « versus s
is completely understandable. The deflection away from the origin in this cross-plot is a characteristic of a
nonspinning configuration that is statically unstable at small angles of attack. This mechanical analogue can
often be helpful by intuitively revealing the type of static moment governing a particular model.

7.6.4.3 Static Moment Consisting of a Single Term

As an introduction to the treatment of nonlinear moments, we will consider a simple case where an exact
solution exists. Consider the case of a single degree of freedom in pitch (planar motion), no aerodynamic
damping, and a small velocity loss, and assume the static moment can be represented as

VAL
Mmoo - - Mot n >0, (7.180)
il 2 n
so that
M, (n+1)am
Cp - n i (7.181)
o 72Vl
The equation of motion to be considered is
Id + Mot = 0. (7.182)
On multiplying this equation by < and integrating, we obtain
IC‘A? M ann
R C.
2 n+ 2
To find C , we use the fact that & -~ 0 when « = Gy - Thus
n+2
c - M
n+2
and 1
21\ ’
gt = (n+2)1 do . (1.183)
2Mn v/(\l:*?—&n*g)

We can determine 7/4 (where 7 is the period of the oscillation) by integrating (7.183) from « - 0 to o  «

that is,
T /(DI J‘“m do
4 2Mn o v/(arr;m _ (Anw) °

m

i

|
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An expression for the period can be obtained in terms of gamma functions.

n + 3
27l (n+ 4)° n+2
(n+ )M n +3 l)' (7189
n +2 2

This is an exact relationship that shows the effect of the coefficients assumed in (7.180) and the maximum angle
of attack. However, it does not provide much in the way of intuitive feel. This can be helped to some extent
by introducing the concept of an ‘“effective” angle of attack. First, consider the experimenter’s situation.

A number of firings have been made of a given configuration. The data have been analyzed as though the static
moment were linear and the moment-curve-slope obtained. It is found that the moment-curve-slope is not a
constant, but varies with the amplitude of the particular test. The question then arises, for what angles of

attack are each of the moment-curve-slopes obtained true local values? That is, what is the effective angle
of attack for each measurement?

Solving for Mn in (7.184) and substituting into (7.181) leads to the expression for C

Mg *
r n+ 3 ?
27 (n+ D (n+d? n+ 2 a\' a1
C = —_] —_—— (7.185)
Mo n+2 <n +3 1) o/ TVioAl
r + =
n+ 2 2
For a linear moment, n = 0 and this equation reduces to (7.140):
= ~87°1 7.186
Omg = Cnay T Taar (7189

We define the effective angle of attack &, ;; as that angle at which the moment-curve-slope obtained from a

linear analysis of a motion of amplitude oy matches C“‘a . To obtain this angle of attack, we equate (7.185)
and (7.186), substituting & ., for & in (7.185). Thus,

1/n
+3 1\
F‘(n 2+‘2—>
o4 2 +2 n +
eff 7n+2) i (7.187)
% (nt1)(n+4) = n+3)
<n+2

This equation in effect gives the transformation from a plot of Cmal versus % to a plot of C“'cx versus o ,
which can be integrated to obtain C, - Figure 7.20 shows a plot of O‘eff/am versus n . Note that for a cubic

moment (M= —Mzoca), Cmul should be applied at 0.489 U This value will also arise when a linear-plus-cubic
moment is considered.

The one-term moment represented by (7.180) has zero slope through the origin, and thus does not allow initial
static stability or instability at o - 0° . Hence, this representation is not generally applicable, but was
included as a simple introductory case.

7.6.4.4 Linear + Cubic Static Moment

Many real physical cases can be represented by the cubic case if a linear term is added to provide finite
static stability or instability about the origin. We will still assume undamped angular motion, with only a
small change in velocity, and consider a static moment represented by

£ViAl )

M = Cm 3 - - Moa - Mza (7.188)
c 2 (M, +3M,07) (7.189)
= - + . .

M pval 0 2

It should be noted that three cases of interest exist depending on the signs of Mu and M2 . These cases are
shown in Figure 7.21.

Note that we are considering cases where a model in free flight is oscillating between +& and - .
For a type 1 moment, &, can be any value. For a type 2 moment, U must be less than &, or tumbling will

[+8
occur, and for a type 3 moment, & must be greater than &, <defined by I M do = 0) or the oscillation
o

will take place about the trim angle (aa) and never pass through zero.
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Following the same approach as in the preceding section, we can obtain exact closed-form expressions for the
effective-angle parameter, « f/am , in terms now of elliptic integrals. Defining m, = MQQ;/MO , these
expressions can be written as follows:

Type 1 and type 3 moments:

%err _ mfdim) 1 (7.190)
oy 12m [k()]? 3w,

K(k) = complete elliptic integral of the first kind

e

Type 2 moment:

2
Perg _ 72wy 1 (1.191)
«, 24m, [K(x)] 2 3m,

)

These solutions are shown graphically in Figure 7.22. It is interesting to note that the value of “eff/am
obtained in the previous section for a pure cubic moment (0.489), is representative of nearly all linear-cubic
moments of both type 1 and type 3. 1In fact, except in the vicinity of the singular points for types 2 and 3
a value of “erf/“m of 0.5 would be a fairly close approximation.

What is most important to note at this point is that exact expressions have been obtained which allow a
transformation from Cma (equivalent linear system) versus [ to a local Cp, versus « and the unknowns
MO and M2 can be obtained from experimental data by a simple iteration procedure, which proceeds as follows:
Assume that Cma and % have been obtained from a number of tests (e.g., using the tricyclic method).

First (C(e“-)j is assumed equal to [O'S(am)i] and a least squares fit is made to the equations

-2
Coo )y (pVH\l)i g+ 3M,(@gee);d

solving for M, and M, . Depending on the type of moment, either (7.190) or (7.191) is then applied to yield
better values of the transformation to apply to each of the (am)i and the least squares procedure is repeated.
It is found that the iteration process converges very rapidly for any of the three types of moment.

7.6.4.5 General Power-Series Moment

We will now relax some of the assumptions of the preceding sections and obtain an expression for the case of
a spinning symmetric missile governed by an arbitrary nonlinear moment in the resultant angle of attack. It is
still assumed that aerodynamic damping is negligible and that there is no swerve of the flightpath; therefore,

C(R = T,

We start with a body-fixed coordinate system denoted by X, ¥, Z, with the origin at the center of gravity.
This system is related to the inertial coordinate system (x,y,z) by the Euler angles ﬁE , o, and wE (see
Figure 7.23). The body has constant angular velocity p about the X axis. We will consider that the restor-
ing moment is given by the expression

PVRAL

M) = Cm 3 = —Z MnU"”.
n

The moment is completely arbitrary in that any of the coefficients M_ may be set equal to zero®. Following
the development in Reference 7.8, it is found that the following differential equation governs the resultant
angle of attack o .

A2 2 2\ 2 @ n+a +u = ta +4
l di Y o5 * % z My op - U{)] 4 Z M Onm + OI(Jl N LYR N (7.192)
8 \dt 2 =n+2 ol -0} n+2 2

Here o, and O, are the maximum and minimum resultant angles of attack, and the ﬁn terms are the coeffi-
cients Mn modified to include the effect of spin. For the odd subscript terms M, ﬁ3 L), M, * Mn/l.

For the even subscript terms, a general expression for Mn is exceedingly complicated. In most practical
cases, however, the following expressions are essentially exact:

* It should be kept in mind that for the symmetric missile under consideration, the desired moment is an odd function of
angle of attack. Since o 2 0, this poses no problem but for planar motion, note that terms like Mla|a1 are implied.
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i M, P°
i
0 I 4
_ M, P?
M, :‘._2+._
g 1 12
_ M 17
M, - =+ — 2
1 960
_ Ms,
M =
>y I
Iz
where P = —f-p

By integrating (7.192) from oy to U, . an expression for the frequency of oscillation can be obtained.
Evaluating the resulting integral in closed form can be done only in special cases. However,

an excellent
approximation for the frequency can be obtained’-®:

oo = +u Rty 2 Afnrey/2
s M, {op™ +0o3 [om o
Zﬂ;g ns2 2 2
wi(t) = (7.193)
2 232 .
(62 -c%)

This equation is least accurate for the case of planar motion. It becomes increasingly more accurate as more
and more circular motions are considered, and is exact in the limit of circular motion.

Because the equation is least accurate for planar motion, it is interesting to compare it in this limit with
exact results and also with approximate results obtained by the Kryloff-Bogoliuboff technique’ 2%, For planar
motion (o, =0, p=0), (7.193) assumes the form

1< M
W) s o= - D (1.194)
I €an+2

The first comparison will be for the one-term moment of arbitrary power in angle of attack considered in Section
7.6.4.3 (i.e., M= —Mna“+1). This comparison is shown in Figure 7.24. It is seen that the approximation given
by (7.194) is superior to the Kryloff-Bogoliuboff approximation for all values of n greater than 2. It

also agrees well with the exact results.

The other planar-motion comparison that will be shown is for a linear-cubic-quintic restoring moment:

Moo= - M - Mt - M

Exact results for this case are presented in Reference 7.21. For brevity, only the particular moment having
stabilizing linear and quintic terms and a destabilizing cubic term will be considered. The comparisons are
shown in the carpet plots (Fig.7.25), where the dashes represent the exact solution and the solid lines a given
approximation. Both approximations are fairly good, but results from (7.194) are clearly superior. Since (7.193)
is least accurate for planar motion, it is apparently a very accurate representation.

7.6.4.6 Application to Free-Flight Data

Equation (7.193) shows the influence of maximum and minimum amplitudes, spinning rate, and an arbitrary set
of restoring moment coefficients on the frequency of the motion. Before applying this equation to free-flight
data, it is again convenient to transform from time to distance, which essentially removes velocity from the
problem. If (7.193) is divided by Vv? and the terms of the series are written out explicitly, with only the
dominant spin term retained, we obtain

/2
5 5 2 2A°
Um+(10 _ C’m { UO
P?(x) 1 2 2 .
w? (%) + o <My 4 ZH pAM, lvoly L
wZ Yo 3 (Uri‘og)z §he W
Recall that each of the unknown M_'s contains v2  (for example, M, = -Cmapval/Z), S0 Mn/V2 is independent

of velocity. If we now define
i M
n aVAAL/2 '

the Mn's are coefficients in a power series in C

_ a Dtl
Cp = En:Mno .
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and are assumed to be constants. Then the above equation becomes

5/2
S 5 2 2
T + (o _ O’m + o
PZ(x) Al ). - 2 2
«?(x) = il M, + M, _ +
4 21 3 (@2-0?)¢
] 4]

112
? 7 2 2
op tog (am +c70>

2

+ 30 (02+02) + By 7 +

y 2 m 0 573 2 2

©2-02)
9 9 2 n%/2
op t Oy <Um +Un>

+ LM (70" +100%02 +T0%) + BN 2 2 +

120 U0y C o 0 7 (02 - o?y?

m [}

5u 6 4.2 2.4 6

+ 2M6(30'm + Sojot + S0 0y + of) + .08, (7.195)

From a set of flights made at about the same test conditions, assume that a converged solution for each has
been obtained with the tricyclic method of analysis. Then values of all the parameters except M_  are known
Eor each flight for use in (7.195). A decision as to the number of terms to be retained is made, and then the
Mn can be calculated from the set of m simultaneous equations (one for each test flight or portion thereof)
by the method of least squares, provided m > number of unknowns. Note that w?(x) — [P?(x)/4] is essentially
equal to the product @ w, given by the tricyclic analysis.

Although damping has been assumed negligible in deriving (7.195), the procedure still gives good results
when damping is present if values of T and 0, are determined as follows:

2

— 1 2 5 2
Op 5[0m (first peak) ton (last peak)]

ol - Lol (first minimum) + 0 (last minimum)} .

The question of which and how many terms to retain in (7.195) would seem to be critical. The possibilities
are essentially unlimited, and there is no systematic way to make a choice a priori. Fortunately, however, a
number of different assumed forms for the moment, when fit to the experimental data, turn out to yield nearly
identical, C_(®) curves. Hence, there is no unique representation for the moment that gives the “best fit”
to the data but a number of choices which will give equally good fits.

This is illustrated by the following set of results, based on the experimental data of Reference 7.18. The
data showed large nonlinearities, and it was decided that a four-term series representation of the moment was
needed. The linear coefficient ﬁo _was known from other sources and was gotAallowgd Eo vary. All possible
four-term moments, each containing M0 , and three members of the set (Ml,M2,M3,Mu,M5,M6) were fit to the
experimental data using (7.195) and the method of least squares. The results are summarized as follows:

Powers of resultant

angle of attack Sum of the squares
in assumed moment of the residuals
1-2-3-4 3.5x 1077
1-2-3-5 4.9
1-2-3-6 6.6
1-2-3-7 8.5
1-2-4-5 6.6
1-2-4-6 8.4
1-2-4-7 10.4
1-2-5-6 10.2
1-2-5-7 11.6
1-2-6-7 12.4
1-3-4-5 2.49*
1-3-4-6 2.0%
1-3-4-7 1.9*
1-3-5-6 1.8*
1-3-5-1 2.0*
1-3-6-7 3.2
1-4-5-6 8.4
1-4-5-7 11.3
1-4-6-1 17.3
1-5-6-1 32.0« 1077
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Some of the moment representations have much larger error sums than others, and can be rejected as inferior.
However, among several of the better fits, there is little to choose. Figure 7.26 shows the envelope from the
five moments that gave the smallest sum of the squares of the residuals, marked in the above table with stars.
The moment curves are close enough together, out to o = 36° , that no real choice between them need be made.

7.6.5 Effect of Nonlinear Static Moment on Deduced Damping

The study of nonlinearities in aerodynamic moments has been extended in Reference 7.22 to allow nonlinearities
to exist in both the static moment and the damping moment, and nonlinear damping moments will be treated in the
next section. The study revealed that a nonlinear static moment could lead to apparent nonlinearities (and
large errors) in the deduced damping even when the actual damping was in fact linear. This effect will now be
discussed.

For this purpose, it is assumed that the motion is planar and that there is no swerve in the trajectory.
The equation of motion considered, with distance as the independent variable, is

M
o'+ Ho' o+ E Lottt - 0. (7.196)
£se IV?

Note again that since M, contains v Mn/V2 is independent of velocity. The constant H, (H,=- (pA/2m)<&)
is a measure of the damping and we desire to determine its value. First, we consider the (idealized) case where
we have exact values of the angle of attack W, at every peak. If the static moment were linear, these peak
angles would fall on the exponential envelope e (Ho/2)x ang the logarithmic decrement would be constant with
the value

, (7.197)

where the subscript k denotes the peak number and w is the frequency of the motion defined by

2
o Mo WM
1v? 4 1v?

The difficulty that arises is when the static moment is nonlinear, the logarithmic decrement is no longer a
constant. However, it is useful to analyze the data as though it were constant and an effective linear damping
Hoe is defined by the expression

(o) 7 H
log, |~k | . T (1.198)
(am) k+t 2 @y
where @, is now a function of « Mn' and H0 . An approximate relationship between the apparent damping

and the actual damping, which is in excellent agreement with numerical integrations, is derived in Reference 7.22
for arbitrary nonlinearities in both the static and damping moment and is expressed as the ratio of two power
series. The complete expression will be given later, but the expression for a linear plus cubic static moment
(and constant damping) is as follows*:

Ho, _ mg ¢ (5/8)m,

Toe : (7.199)
H, m, + (15/16)m,

Here m, is +1 if the linear static term is stabilizing and -1 if it is destabilizing. Note that the
definition of m, is now modified slightly, becoming

M2
m, - ,
M,
where 0. represents an “average’ value of the maximum angle of attack; i.e., a; = %[(am)ﬁ *(am)§¢1] The

physical import of (7.199) is shown in Figures 7.27-7.29, which give the variation of HOE/H0 with m, . The
solid lines represent the case we are considering (exact knowledge of successive peak angles) and it is seen

that a significant effect on the deduced damping is introduced by the nonlinear static moment. For the stable-
stable case (Fig.7.27), the deduced damping is always less than the true damping and in the most extreme case
(pure cubic moment), it is 2/3 of the true damping. For the stable-unstable case (Fig.7.28), the deduced damping
is always greater than the true damping. The largest deviations of the deduced damping from true values occur
with an unstable-stable static moment (Fig.7.29), for which the error is never lexs than 33 percent

It is, of course, unrealistic to presume exact knowledge of successive peak angles of attack. In the real
case, the damping would probably be obtained using the tricyclic solution developed earlier (Equation (7.154))
fitted to the discrete data points measured along the trajectory. Results obtained in this manner are indicated
by the circular symbols in Figures 7.27-7.29. To obtain these results, a number of exact trajectories were
generated for a variety of linear-cubic static moments and these “data” (50 points for each run) were analyzed
by the tricyclic method. There is scatter in the results, which is expected when discrete data are being

* A similar approximate formula was derived in Reference 7.23 and can be written

m, + (3/9)m,
Hy my + (9/8)m,

This proves to be less accurate than (7.189).
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analyzed, but the results show consistent trends. For each of the three types of nonlinear moments, the dis-
crepancy from the true damping coefficient is greater than for the “exact-data-at-every-peak’ case. What is
noted is that the percent error is just about double that of the first case considered. Again the worst case
is that with an unstable-stable static moment. It appears that if a static moment of this type governs, the
deduced damping will differ from the true damping by a factor greater than 3. This statement holds whether
the motion is damped or undamped.

For the case where exact values of the angle of attack are known at successive peaks, the true damping can
be derived by a procedure to be given in the following section. However, when discrete data are analyzed by
linear methods, no precise method exists to correct the deduced damping. An approximate correction would be
to double the error calculated by assuming the peaks known.

7.6.6 Nonlinear Damping Moment

7.6.6.1 Approximate Solution

Since the aerodynamic damping is one of the most difficult aerodynamic parameters to determine from ballistic-
range tests, the definition of “second-order” effects produced by nonlinearities in the damping is even more
difficult. An important reason for studying the subject has been developed by Tobak and Pearson’‘2*, who
indicate that static nonlinearity should be accompanied by nonlinear damping. There are, of course, ample
practical reasons for defining nonlinear damping in cases where the sign of the damping coefficient changes,
introducing limit cycles and other major effects on the motion. With the recent advances in shadowgraph optics
(particularly Kerr-cell shutters, see Chapter 6) and more sophisticated methods of reading the pictures obtained,
far better data are becoming available for analysis: this should lead to less scatter in the experimental results
and allow some coefficients previously lost in the scatter to be determined.

We will briefly consider nonlinear damping coefficients, confining the discussion to planar motion and zero

swerve. The differential equation considered is
" n t Mn n+1
a’ o+ Ho ) ol + 5 o = 0. (7.200)
nZo nzo IV

The middle term represents the damping moment, the last term, the static restoring moment. Note again that n = 2
will be referred to as a cubic moment, etc. As discussed in the previous section, if the static moment is non-
linear, the logarithmic decrement (determined from successive peaks) is not constant. We will consider that we
have exact data at every peak in the angle of attack, and that we will analyze the data as though the logarithmic
decrement were constant, which again introduces the concept of an “effective linear damping’ (Hoe). An approxi-
mate expression relating the effective linear damping to the linear term in the actual damping has been derived

in Reference 7.22 and is given as follows*:

Hy IEJ 2knPn
H_e - by, . (7.201)
0 3 b,om
k20 nZo kntn
1 H
where hk = ( ) k ok
2+ k/H, P
M ol
and m, - L%
MO
The constants a . and bkn are given in the following tables
Values of a.,
K 0 1 2 3 4 5 6 7 8
n
0 2. 0000 1.2732 1.0000 0. 8488 0.7500 0.6791 0.6250 0.5821 0.5469
1 1.5349 1. 0095 0.8065 0.6913 0.6143 0.5582 0.5147 0. 4797 0.4510
2 1. 2500 0.8398 0.6797 0.5875 0.5250 0.4788 0.4428 0.4136 0. 3895
3 1.0568 0.7208 0.5894 0.5130 0.4608 0.4218 0.3912 0.3663 0. 3453
4 0.9167 0.6323 0.5213 0.4565 0.4118 0.3784 0.3519 0. 3301 0.3118
5 0.8102 0.5639 0.4679 0.4118 0.3731 0.3439 0.3206 0.3014 0.2851
6 0.7266 0.5092 0.4249 0.3756 0.3415 0.3156 0. 2950 0.2779 0.2633
7 0.6589 0.4645 0.3894 0. 3456 0.3152 0.2920 0.2735 0.2581 0. 2450
8 0.6031 0.4272 0.3596 0.3202 0.2928 0.2720 0.2552 0. 2413 0.229%4
m 0 0 0 0 0 0 0 0 0

* Note that (7.199) is a special case of this expression.
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Values of by,
k 0 1 2 3 4 5 6 7 8
n

0 1. 0000 1.0000 1.0000 1.0000 1.0000 1. 0000 1. 0000 1.0000 1. 0000
1 0.9593 0.9575 0.9542 0.9505 0.9468 0.9434 0.9399 0.9364 0.9337
2 0.9375 0.9346 0.9297 0.9243 0.9188 0.9135 0.9084 0.9038 0.8997
3 0.9247 0.9211 0.9155 0.9091 0.9027 0.8964 0.8905 0.8850 0.8797
4 0.9167 0.9127 0.9067 0.8998 0.8929 0.8861 0.8797 0.8735 0.8677
5 0.9115 0. 9073 0.9011 0.8940 0.8868 0.8798 0.8729 0.8665 0.8603
6 0.9082 0. 9039 0.8975 0.8904 0.8831 0.8758 0.8688 0.8621 0.8558
T 0.9060 0.9016 0.8953 0.8882 0.8808 0.8735 0.8664 0.8596 0.8530
8 0.9047 0.9003 0.8940 0.8868 0.8795 0.8722 0.8650 0.8582 0.8516
@ 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0

An example of what this equation looks like in expanded form is given as follows, where all terms relating
to a 1-3-5 static moment together with a 1-3-5 damping moment have been retained.

Ho, m, + 0.6250m, + 0.4583m, m, + 0.679Tm, + 0.5213m,
—_— = + +
H, m, + 0.9375m, + 0.916Tm, m, + 0.9297m, + 0.906Tm, °

0.7500m, + 0.5250m, + 0.4118 m,

m, + 0.9188m, + 0.8929m,

(7.202)

Equation (7.201) has been compared with the results from numerical integrations for many different nonlineari-
ties in both the static and dynamic moments’*??. In all cases investigated, the approximate formula yielded
results extremely close to the “exact’ result. Of concern now is how the coefficients (Mn,Hn) in (7.200) can be
extracted from experimental data.

7.6.6.2 Determination of Nonlinear Damping Parameters from Data

Equation (7.201) can be useful in determining the nonlinear damping parameters from a set of observed oscilla-
tions. Assume that a given oscillator is governed by (7.200). We wish to infer from observed oscillations the

appropriate values of H0 ,H2 , H and M, M, , M

MR 2 P

We assume that the frequency and maximum amplitudes for every half cycle of motion from each model flight can
be accurately determined from the data. The effective linear damping for each half cycle is then computed by

2w (a )
Hy = — log, | —nkt . (7.203)
€ Ll (am)kﬂ
In addition, we assume that the damping is small so that Hoﬁu <« 1 . This assumption is normally satisfied in

ballistic-range testing, and allows the simplification that the damping can be neglected in determining the
static-moment parameters Mn R

By use of the approximation for the frequency developed earlier (Equation (7.194) transformed to distance),
we can write

M
Wx) = =Ly Z A, & ab (7.204)
v £ty
where
4 +2)/2
A= - ™27
nit 2

d
- et @i
U.a - ———2——— .

This formula is a good approximation for large and small nonlinearities, except in the vicinity of the singular
points of static instability. By fitting this equation to a set of frequency versus amplitude data, the appro-
priate values of M, can be obtained.

A similar but slightly more complicated situation exists for determining the damping parameters Hn .o In
this case, the static parameters play an important role, whereas in the determination of the static-moment
parameters M , the effect of the damping parameters can be neglected. Rewriting (7.201) in a slightly

different form, H°e is given by
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H, = BH, + = BHaE 7.205
U 00 k>0 k"'k"a ( )
where Bk (k 20) is
n
L Bl
B, =

2+ k ’
Z bannO&{1

nzo

Equation (7.205) is analogous in form to (7.204). In this case, however, the coefficients Bk are functions
of M, M M,,...... and o, , whereas the coefficients An were constants. In the determination of the
damping, however, the static parameters can be regarded as already determined by the use of (7.204). Hence,

the coefficients Bn are functions of only &, insofar as determination of the damping is concerned.

It is now useful to divide both sides of (7.205) by B0 , obtaining
Hy B
- k k
B_e = Hy + Z ™ HkO(a . (7.206)
o o
Because B, ,B, ,B,,... all vary with «,  in a similar manner, the ratios Bk/B0 vary slowly with o

Equation (7.206) can now be used to study a set of damping data in a manner analogous to studying frequency
data with (7.204).

As a simple example, consider that a set of data for a given oscillator has been obtained and that the static
moment, completely arbitrary, has been determined with the use of (7.204). Assume that the damping moment can
be described by a linear term and & single arbitrary nonlinear term so that (7.206) appears as

H B
=& = Hy+ MHA, (7.207)
By B,
where n is not known. Choosing a particular value of n determines Bn/B0 . Then on a plot of Hoe/B0 versus

(B,/B,)ul , when the right value of n is chosen, the data will fall on a straight line. The slope of the line
yields H  , and the intercept of the line with the H, /B, axis yields H; . This will be true without regard
to the particular form of the static moment.

For an arbitrary damping moment described by a given set of data over an amplitude range, there may be many
combinations of the parameters H, ,Hl JHy e that will fit the data. This situation also occurred in
determining the static-moment parameters. One must often settle for a member of a class of moments that gives
a good fit. Thus, a certain amount of experience is useful in analyzing the data. For a set of data including
small angles of o, as well as large, one should plot the damping data as H, /B, versus (B2/Bo)a: (or as a
first try against a; since BZ/B0 varies slowly with an). If the data fall on a straight line, the damping moment
is a cubic as described by (7.207) with n = 2 . If the data deviate from a straight line, which might be
expected to occur at larger values of & , one can estimate the magnitude and sign of the next higher order
damping term needed to fit the data. In such a manner the appropriate form of damping polynomial tends to
suggest itself.

7.7 LIFT ANALYSIS

A model in free-flight normally develops lift which causes the center of gravity to follow a trajectory that
deviates from a straight line. For airplane-like configurations, this is often troublesome in that the 1lift
can cause the model to quickly fly out of the field of view. Even for axisymmetric bodies the lift usually
causes the model to depart from bore sight of the gun. This can be explained as follows. Consider the simpli-
fied form of (7.105)

A
2" - Plc a, (7.208)
2m o

where CLa is the lift-curve slope. Now assume for simplicity that the model emerges from the gun at zero angle
of attack but is given an angular rate during separation from the sabot. A simple form for the angle of attack
that satisfies these conditions is

“ = Apsinwx .

Substituting this expression into (7.208) and integrating twice yields

A 7}
2 = Lo, BsinexsCxic, (7.209)

If we make the initial conditions z =z’ =0 at x =0, then

oA & oA o
z = -0 —';'sinmx—E_CL x. (7.210)
m oW m oO W
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This equation indicates that even with zero vertical velocity upon emerging from the gun, a vertical velocity
is acquired due to the lift. For this simplified case, the center of gravity nscillates about a straight line
in phase with the angle of attack as shown in Figure 7.30. The presence of aerodynamic damping, gravity, etc.
would cause the swerve oscillation to take place about a curved line. What is important to note here is that
the magnitude of the deviation from some mean line is a measure of the l1ift. We will now consider various
methods for determining the lift coefficient.

7.7.1 Determination from Displacement Variation Near a Peak

The most basic method for determining the lift coefficient as a function of angle of attack is by analysis
of the lateral displacement history of the model mass center (which is caused by the lift). The deduced
lateral acceleration is related to the angle of attack history to define C (@) . For motions involving a
small roll rate, an approach similar to that used for determining the moment coefficient in Section 7.6.2 can
be used. For a planar motion in the x-z plane (ignoring gravity), the differential equation of motion is

z" = - RI(C), - K(C)g . ' (7.211)
where
(C)p = dynamic lift coefficient
(CL)S = static lift coefficient
K = pA/2m .

As with the angle of attack data, a desirable segment of vertical displacement data is one which brackets a
peak deviation, and which can be considered as two sets of data about this maximum or peak. (The swerving
motion peaks at very nearly the same x position as the angular motion; they peak at exactly the same x if
damping is zero.)

The development of the equations is exactly analogous to that for angles and we have, at any given « ,

ozl tz) L
‘_(CL)S - T - E [(CL)Dl + (CL)02] - (7-212)

If we assume that (C.)p = (CLq+»CHi)a’ we have

2"+ 2 1
—(c s S . Lealy . .
(N T 5 (ch\»cL&)(ml +u]) (7.213)

Usually, the contribution of the dynamic term to the lift coefficient is very small. Therefore, when z{' and
z;’ are determined (for points of equal angle of attack on either side of the peak), (CL)S is effectively
determined. If damping in lift is truly negligible, the two values of z' are nearly identical. The deduced
instantaneous values of (CL)s are plotted against the instantaneous corresponding angles of attack to generate

a curve of C,(a) . An example showing results from this method is given in Section 7.9.2

7.7.2 Normal Force from Stability Data on Models with Different Centers of Mass

The normal-force-curve slope, Cy (CN Q:Cba+-cn), and the center of pressure location, X., . are often
found by testing models of fixed ext%rnaflshape but with two different (known) center of mass gocations. The
two bodies would have the same values of Cy and x, ., but the moment-curve slope, Cp, » Would be different
Values of Cma can be obtained experimentalTy for eacg of the bodies by methods already described. Then using

the relationship between Cm and CN s
X - X
C"‘a = C"a<_——cgl °">, (7.214)

where | 1is the reference length, we have a pair of simultaneous equations for the two unknowns, Cny and Xep -

7.7.3 Tricyclic Method

When the angular motion is not planar and involves precession due to spin, the tricyclic method discussed
in Section 7.6.3 can be used for the analysis of the swerve and the determination of lift coefficients. A
trim lift force may be included in this analysis, defined as follows:

Cy lift coefficient in y direction for 3=0 at x =0
0

CL lift coefficient in 2z direction for ® =0 at x =10
o

These are components of the CLs term in (7.107). They rotate with the body at a rate, p , and their
resultant represents the force aE zero angle of attack due to small asymmetries in the model.
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The equation for displacement acceleration is (see Equation (7.105))
y"+iz" = —k{(c, +ic, pD(F+in) + LI(C, +C..) + i(c,, -¢ Iplb (B +iw) + (¢, +ic, elP®} +
o ap q o ap ap Yo 0
s 2 “g o, . .
+ ig/V? - 2 v (sin 6, + i cos 0,sinf,) . (7.215)

Note that the lift coefficients due to Magnus effects (CLap-CL&p-CLqp) are retained in this equation, but are
exceedingly difficult to obtain experimentally unless very high roll rates are experienced. If these coeffi-
cients can be obtained, moment coefficients due to Magnus effects can be found from the stability analysis.

If we now integrate the above equation twice with respect to x we obtain

X X X X
y+iz = —K{CL | [F B+ axax + wpic, [P [7 @e+ia) dxax +
o 490 0 op Yo 0

+

(e, +ey,) [0‘ (Bria) dx ~ e, +) (5, +1%p) x 4

+

X
ipl?(c,. -c, ) B +iw) dx - ipl%(c,. -¢, (B, +ix Ix +
Lip  lap Iu Lip Lgp 70 0

1+ ipx - eiPX

(cyu+icl‘o) ('—'p—2——> + (yé+iZé)X +

X X g
(yo+izo)+f f i‘—l;dxdx—
[¢] 0

X X v
wg . - 0
2 — (sinf; +icos 0, sin6,) — dxdx
Vo o do V

+

+

which, after terms are rearranged, becomes

X X
y+iz = -K {(Cba+1plCLa ) fo jo (F+ia) dxdx +
P

+

X .
l [(ch+cLa) + ipl (CLdp_Cl‘qp)] [ IO (B+in) dx - (ﬁo*i“o)"] +

1+ ipx — elPx
+ (Cy0+iCL0) <—p2— + (yé+izé)x +
X X 1
+ (y, +izg) + igf f Vdedx -
o Jo
(‘)E X X v
-2= (sin91+icos 8,sin6y) -2 dxdx . (7.216)
VU 8 [+ ) v

The term X px g
ig f Jl = dxdx
o do V

is the displacement in the vertical plane due to gravity. It can be calculated separately and added to 2z
algebraically. If the precise flight time is known for a specific x location, the displacement due to
gravity is simply Zg = % 2. The Coriolis term can be integrated directly since VO/V = eKCox (Equation
(7.109)). The result is

w0, KO0 _kopx -1
-2 = (sinf; +icos &, sinb,) —_— (7.217)
v, (KCp)
and for small KC, .
eRCox _ KCpx - 1 x?
T o= (7.218)
(KCp)? 2

This contribution to y and 2z can also be calculated separately and added algebraically to the y and z
data.
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If the Magnus terms are ignored, there are eight unknown coefficients in (7.216): Crg» (CLq +CL&) v Cyo o Coy s
Yg:¥,.25, and z, . All of these coefficients appear in a linear fashion and if the integrals of (3+ia) can
be calculated in closed form and p 1is known, then the coefficients can be solved for by a standard least squares
technique. The expressions for (8+id) can be obtained in closed form from fitting (7.154) to the angle data in
obtaining the static and dynamic stability. The roll rate p is also known from the stability reduction.

Some of the Magnus coefficients can now be found by using the stability and 1ift analyses together, provided
the data are accurate and well-defined. From (7.216), values for Cp,_ and (Cl,& ~CL_ ) can be obtained from
a least-squares fit since they occur linearly as do the other coefficients. Then from (7.158), given CLa , we
can calculate Cmap . With (7.157), given CLo.p , we can calculate a slightly modified value of Cp_ . With
(7.156), given CLa , we can obtain (C,,,(;w—Cmq }. Therefore, from the combined stability and lift analyses, we
can derive all of the following coefficients: § Cog » g, Cmq + Cpg s CLq + Crg o g Clﬂp gy = Cmqp .
C"&p - CL . Cyo, and CLo . For most ballistic range tests, however, the models are fired from smooth-bore
guns so that the roll rates are small and the Magnus terms are negligible.

It is also possible to deduce the center of pressure, Xop » and normal-force-curve slope, C , from measure-

ments of a single model flight which define the 1ift, drag, and static stability coefficients. For small angles

[of ~ C +C

Ny Ly D
and, as noted earlier,

X, — X

c = cg "¢

Moy, Ny, < 1 '
so that

Yep - Yer | .j'ﬂ__.

l l Coe * Co

7.7.4 Nonlinear Lift

Another method for obtaining the 1lift coefficient, which can handle a case involving nonlinear lift, proceeds
as follows. The lift coefficient is expressed as a polynomial in resultant angle of attack, oy , as

n ;
- 1
C, = 22 Cig,% - (1.219)

For simplicity in demonstration, we will use the two-term series

C, = C o, +C . (7.220)
L L R Loy R

In the ®-8 plane, with the y and z coordinate axes also shown, we define an angle ¢ (see Pigure 7.31)
as the angle between the resultant angle of attack [0 and the [ (or -y) axis. The lift in the =z direction
is
C, = Cysing = C opsing + €, «jsing (7.221)
z 13 L]

and in the y direction

- - 4 3
C, = Cocos¢ = CLaO.R cos¢> + CL%C(R cos¢ . (7.222)

The differential equations of motion (with no damping) in the z and y directions are

2" - —xc, + & (7.223)

v o= - KC, (7.224)

where K = pA/2m and g 1is the acceleration due to gravity. Substituting (7.221) and (7.222) into these
equations, we get
2" - K(C, dysing+Cy dpsind) ¢ gV (7.225)
o O3
1

y'" = —K(C, agcosp+C O;flcosg‘)) . (7.226)
o ity

Integrating twice with respect to x we obtain

, Xopx ) X x“j',f‘dd *gm 7. 297)
z © oz tozx —KCLOL IO J'o Ugsingd dxdx - KCLOLa L fo Jpsing dxdx Y (7.2

X X X X
yo©oygtypx—key [0 [ ageospaxax —key [0 [ ageosd dxdx (7.228)
0 0 LoJg Jo TR a, Jo Jo
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At each data station there are measured values for «,B.y,2; Ugp can be calculated from

ay T V(a?+ %)

and ¢ can be obtained from

¢ = tan' (W) .

Thus, dogsing, dgcos, uysing, and ugcosd can be plotted as functions of x and integrated graphically.
With the integrals determined, a least squares technique can be used to find best values for all of the unknowns
in (7.227) and (7.228)

7.8 NUMERICAL INTEGRATION OF EQUATIONS OF MOTION

The tricyclic method described earlier has been the most widely used means for obtaining aerodynamic coeffi-
cients from free-flight tests. Within the realm where the assumptions made in the derivation of the tricyclic
equations were satisfied, the method was convenient and gave good results. BEven when the assumptions were not
satisfied, this method was normally applied first, and then the results were modified by some of the methods
that have been described.

It is easy to see how this strong dependence on the tricyclic equations came about. The problem was to deduce
the aerodynamic characteristics governing a body from discrete observations of its position and attitude in space.
The complete differential equations governing the motion were presumed known. Since errors were certain to
exist in the position and attitude data, a “best fit” of some kind was called for, preferably an iteration scheme
that would search for this fit. A least-squares fit was the natural choice, and with it a differential correction
technique would have to be used. For this to work, however, partial derivatives of each dependent variable
(e.g. &, By,2z,....) with respect to each unknown coefficient in the differential equations of motion had to be
known at every data station.

At that period in time, electronic computers were too slow to consider numerical determination of these partial
derivatives. The remaining choice was to get a closed-form solution (e.g. & =f(x)) so that the various partial
derivatives would also have closed-form expressions. A least-squares fit is then straightforward, although
convergence of the iteration procedure cannot be guaranteed. The tricyclic equations are the implementation of
this approach. Enough approximations and assumptions are introduced into the differential equations of motion
so that a closed-form solution can be obtained.

It would be beneficial if the need for having a closed-form solution could be by -passed, and the data fit
instead by numerical solutions to the differential equations. This would allow far more generality in the
problem of obtaining the aerodynamic coefficients because, at least theoretically, the exact differential
equations of motion could be used. Two such methods will be described. The first (Section 7.8.1) is an
approximate method which has been successfully applied in the past to small-amplitude motions of airplane-type
configurations’-2%. It does not require a very sophisticated computer, but does have the drawback that it
yields results which cannot be improved except by trial and error. The second method described (Section 7.8.2)
eliminates this drawback by providing an iterative scheme for seeking the “best fit" to experimental data”-2¢,
In this case a high-speed digital computer is essential. 1In practice, the first method can be used to obtain
a starting solution for the more powerful second approach.

7.8.1 Approximate Method

In Section 7.4.3.1 we obtained a set of differential equations to describe the motion of airplane-type
configurations (Equations (7.95)-(7.98)). Simplifying the nomenclature, these equations appear essentially as
follows:

y" = By' +B,&sing + B,Scos¢p (7.229)
z” = Bz’ - B,fcosd + B,Ssin¢d (7.230)
&" = B +BA +BA +BJ+B, (7.231)
A" = BB +B FtB A +B,A+B, . (7.232)

Here ¢ is the angle of roll about the model’s X axis measured from the pitch plane (see Figure 7.2b).
Presumably it is a known function of distance. These four equations form the basis for determining the aero-
dynamic coefficients from the flight records. The following results are obtained after integrating twice with
respect to distance ({ and 7 are dummy variables):

y(x) = y_ + (y'+By)x +B xy dn + B xdn T’&simbd(:w‘B xdn n,écosqbd{, (7.233)
0 o] 10 1 o 2 0 0 3 0 0

x x n_ x =
z(x) = z,+ (zj+Bz)x + B, L z dn - B, Io dn fo dcosyd dl + B3fo dn Io Asing dl (7.234)
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_ . - _ = X _ x n_ X = x n x?
ax) = a + (& +B,d,+BB,)x + B, fo G dn + B, fo dn J‘o adl + B, IO fan+ B, fo dn Io Bdl + B, (1.235)

X2

- — - - X = X mn = X _ X .
Bixy = B+ (Bl BB, +B,,G,)x + B, .foﬁdr)+8m fu dn J’O,Bd(;+B“J'O ad”‘ﬁuf dnjoad(,+813—2-,(7,236)

0
To accurately evaluate the integrands in the above eguations, a continuous history of & and E> must be
obtained. Since the basic data ., 6..,%, ¥,z are obtained only at discrete points along the trajectory,

it must be assumed that a faired curve drawn through these observed points represents the true continuous
trajectory of the model. For any x position, the angle of attack, @ , and the angle of sideslip, 5-, can
then be determined from the observed parameters by use of the relationships defined in Figure 7.4.

8 = (Byg+z')cosd + (Yyp-y') sind (7.237)
B = - Wyp-y')cosd + (Byg+z') sind . (7.238)

This method of obtaining a continuous record of & and E' is considered to be more accurate than to transform
the measured points into & and /3 and then fair the points

Sets of redundant simultaneous equations are obtained by evaluating each of the equations (7.233) thru (7.236)
at a number of x locations; since the required coefficients appear in a linear fashion, a straightforward
application of a least-squares technique can be used to solve for them.

7.8.2 Iterative Approach’-?2¢

As mentioned earlier, for a least-squares fit employing differential corrections to succeed, partial deriva-
tives of each dependent variable with respect to every unknown coefficient must be known accurately at every
data station. The problem of obtaining these partial derivatives can be successfully handled by the method of
parametric differentiation. To illustrate the procedure, assume that the equations of motion governing a
particular configuration are the two coupled nonlinear differential equations

I ’ 3 I3
a’+cu +Cca+c& +Cl 0

(7.239)
Alvecp +cefref-ca’ = 0.

Note that C, is related to the damping moment, C, and C,; define a linear-cubic static moment, and €, is
related to the roll rate.

The initial conditions at x = 0 are

x(0y = C,
w0y = Ce
By = ¢
By = Cy.

We want to determine the four aerodynamic parameters (C1 to C,) and the four initial conditions such that we
obtain a least-squares fit to experimental «(x) and /S(x) data. The method of differential corrections
will be used to do this (described in the Appendix). Assume that initial values of the unknowns, required

to start the differential correction procedure, are available (previous section). Next we need the partial
derivatives of both « and /S with respect to the eight unknowns. No closed-form solution exists for these
derivatives, but they can be obtained numerically by the method of parametric differentiation. First define
the following notation:

ot 3P. da! 3%p, "
p. - — p; - = = — ) pll = 1 -
1 ac, ' 1 dx Bci 1 Ax? Bci
Q. - j%ﬁ Q = Eﬂi - EYEL Q' = Eigi E —?Eli
L Bci ’ L7 93x Bci ’ 1 ox? Bci ’

Note that it is explicitly assumed here that the order of differentiation can be reversed and that

3 [u 3 /ou
a_CJa_x = s‘xgé:, etc .

For well-behaved functions, this is normally true. Now differentiate (7.239) with respect to Ci
the following 16 differential eguations.

to obtain
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P+ P/ + (C,+3C00P, +Ca] = -a)
P+ CP/+ (C,+3C,a?)P, + Q) = -a
P)'+ CPy + (C,+3C,a")P, + CQ = -
P+ C P, + (C,+3C,u?)P, + cQ, = -4
P/+ C P!+ (C,+3C0H)P, +CQ - ©
P/+CP+ (C,+3C,a?)P, + cQ =0
P+ C Pl + (C,+3C,a%)P, + cQ =0
Py + CPy + (C,+3C,02)P, +C,Q = 0
f (7.240)
Q'+ CQ)+ (C,+30,59Q -CP/ = -p
Q'+ CQ + (C,+3¢,80Q, -CP, = -8
Q'+ CQ; + (C,+3C,/Q, -cp! = -
Q'+ € + (C,+3C,8Q, —C P! = + o
Q'+ CQ + (C,+3¢,8Q, -C,P! = 0
Q'+ CQ + (C,+3C,8)Q, -CP, = 0
Q'+ C,Q, + (C,+3C,8)Q, -CP! = 0
Q'+ CQ +(C,+3C,89Q, -CP, = 0. )
The initial conditions are
P, = @ =1
P, = @ =1 at x = 0
all other P, = Pi’ = Q = Qi’ -0

Note that these are all linear differential equations with variable coefficients. However, both the variable
coefficients and the right-hand sides are known from the numerical solution to (7.239). Hence numerical integra-
tion of (7.239) and (7.240) can yield values of «, /B3, and all partial derivatives. It is necessary to inter-
polate during the integration to obtain the values at the particular “x” locations where data exist. Corrections
(ACi) to the starting values of the eight unknown coefficients can then be obtained by solving the matrix equation

[4] [Ac) = [B)
8x88x1 ax1

where general elements of the A and B matrices are

o dot 9 3
w2 (&) o))
all data i Cj Ci cj
stations
>~ (7.241)
du ré]
B. = [28 - - + - .
i algata ( exp calc) aci (ﬁexp ‘Bcalc) aci
stations J

The subscript ‘“exp” denotes experimental values, while “calc” denotes calculated values obtained from the
numerical integration. New values of the coefficients are obtained by adding ACi to the present values, and
the iteration process is continued until any prescribed degree of convergence is reached.

Some miscellaneous notes relating to this technique should be listed.
(i) As a starting solution, an approach as outlined in the previous section is best. In many cases,

however, results from the tricyclic method or even educated guesses from a hand-fairing of the data
can be used.
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(ii) Although a large number of differential equations can become involved, the time to analyze a given
flight is not prohibitive. With the foregoing example, the time to get a converged solution (five
iterations) for a 200 ft flight is about 90 seconds on an IBM 7090.

(iii) Any known functions of distance (such as variable density) can easily be incorporated. For example,
in (7.239) if C1 is replaced by le‘(x), 02 by D2f2(x) , etc., it is possible to solve for Di
exactly as C, was solved for. The functions of distance may be either expressions or tabulations.

(iv) A number of different flights of a given configuration can be analyzed simultaneously to obtain the
aerodynamic coefficients that best represent all flights. This would often be necessary to find terms
that are nonlinear in angle of attack.

(v) Alternate approaches for numerically fitting differential equations to experimental data are discussed
in References 7.27 and 7.28.

7.9 EXAMPLE CASES

7.9.1 Introduction

Examples showing application of some of the data reduction procedures that have been described will be given
next. First the determination of aerodynamic coefficients from analysis of data points in the vicinity of a
peak amplitude will be illustrated. This will be followed by examples illustrating the tricyclic analysis, and
finally by an example applying the method of numerical integration of the equations of motion.

7.9.2 Analysis Using Angles and Displacements Near a Peak

An example application of the procedure described in Section 7.6.2 will now be given. A planar motion was
generated numerically using nonlinear aerodynamic coefficients. A half cycle of motion bracketing a peak was
then analyzed by the most complete version of the method in Section 7.6.2 (including damping) to see if the
o versus x variation could be reduced to obtain the aerodynamic coefficients used to generate the motion.

The « versus X segment analyzed is plotted in Figure 7.32. The center is found to be at x = 18.4 m where
« = 24.89° . When both halves are plotted with the center as origin, the difference in the two curves can
easily be seen as shown in Figure 7.33. Each curve is fitted with a polynomial of the form

=Gy = Ax? + Ax® 4 A X"t AXS
where = 24.89%° . The Cm and & curves deduced are shown in Figures 7.34 and 7.35. With no random errors
introduced into the « data, both results are very precise except at « < 10° , where the curvature in the
angle data tends to vanish. With various degrees of random error (uniform error distribution), the deduced Cm
curves remain fairly accurate but the & curves become poor rapidly as the maximum error is increased.

This example has also been used to illustrate the method for obtaining the lift coefficient as described in
Section 7.7.1. The deduced C; versus & curves are shown in Figure 7.36. Included are results for exact
data (no random errors) and a case with random errors in both « and z . Above 10° both curves are very
close to the exact curve.

7.9.3 Analysis Using Tricyclic Method

7.9.3.1 Data Reduction Procedure’-?°

We will now discuss the overall procedure one might use for reducing data from a free-flight test utilizing
the tricyclic analyses for stability and lift coefficients (Sections 7.6.3 and 7.7.3) and the direct t versus x
analysis for drag coefficient (Section 7.5.1, Method 5). The emphasis here is on the interaction between the
various reduction procedures which have previously been described.

A representative flow diagram for the order of the calculations in reducing ballistic range data is shown in
Figure 7.37. The steps can be summarized as follows:

(i) Determination of drag coefficient by fitting x-t data with (7.110); correction of 2z and (/ data
for gravity effects.

(ii) Smoothing of experimental data. This smoothing procedure has not been discussed previously, but
hasically seeks to eliminate data points which lie well outside the standard deviation of the fit
obtained. No exact criterion for rejection can be given but experience has shown that it is usually
helpful to eliminate data points having residuals greater than about 2.25 standard deviations and
replace them with the calculated values.

(iii) Determination of static and dynamic stability coefficients from angle data using tricyclic analysis
(Equation (7.154)).

(iv) Rotation of orthogonal coordinate system to reduce inherent error in tricyclic analysis due to large
angles.

(v) Determination of 1ift parameters from displacement data (Equalion (7.216)) in conjunction with
tricyclic analysis of angles.
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(vi) Calculation of corrections to measured angles due to curvature (swerving) of the flight path.

(vii) Repeat stability analysis and continue with iterative scheme between stability and lift until angle
corrections from swerve remain constant.

(viii) Smooth angle and displacement data and repeat any steps that are necessary.

7.9.3.2 Example, and Comparison of Free-Flight and Wind-Tunnel Results

An example of the application of the above procedures, and a comparison of results from free-flight and
conventional wind tunnel tests of the same body shape at identical test conditions, is now made to illustrate
the generally good agreement and to point up a common discrepancy in drag results’-2?. The shape selected
is the AGARD standard hypersonic ballistic correlation model HB-2. Free-flight data obtained in the Pressurized
Ballistic Range at Ames Research Center’-?® are compared to wind-tunnel data from Arnold Engineering Development
Center (AEDC)7-3%.7-3! and some free-flight results from the Canadian Research and Development Establishment
(CARDE)7- 32, The model used in the Ames’ tests (Fig.7.38) was ballasted at the nose to make it aerodynamically
stable. The two pins on the base were used to measure the roll orientation and the small frustum on the base
was gripped by the sabot during launch. The tests were conducted at a Mach number of 2.0 and a Reynolds number
based on cylinder diameter of 1.7 million. A shadowgraph of this model in flight is shown in Figure 8.17.

Figure 7.39 shows a typical set of position, time, and angle data for the free-flight tests. Figure 7.39(a)
shows the flight time as a function of distance and the resulting velocity decrease over the length of the range.
Figures 7.39(b), and (c) show the displacement and angular measurements.

The total drag coefficient* as a function of angle of attack is shown in Figure 7.40. The Ames data are indi-
cated by the circular symbols, through which a least-squares curve has been drawn, and the AEDC data are indi-
cated by the dashed line. There is a significant difference in the level of C, between the ballistic-range
and wind-tunnel results although it is noted that the curves are roughly parallel. The wind tunnel total drag
was obtained by combining the contributions of forebody and base drag measurements given in Reference 7.30.
Sting effects on the base pressure were suspected to be the cause of the discrepancy (see, e.g., Reference 7.33).
Therefore, the base drag coefficient was calculated from the flow-field configuration shown in shadowgraph
pictures of the free flight models. More detail on base pressure estimation is given in Chapter 8, Section
8.5.4. This base drag coefficient, when added to the AEDC forebody drag, gave the shaded region in Figure 7.40
(the region brackets the results from four different flights analyzed in this manner). The agreement with the
free-flight measurements of total drag is now excellent.

The lift-curve slope, as deduced from the swerving motion of each model, is shown in Figure 7.41 plotted
against pitching amplitude. These data indicate that the lift coefficient is linear with angle of attack at
least to 7 degrees. The wind-tunnel result for lift-curve slope (deduced from normal and axial force
measurements) is shown, together with a value obtained using the Ames-deduced base pressure in the axial
force contribution. The agreement between free-flight and wind-tunnel results is very good.

A curve of normal force versus angle of attack was calculated from the measured lift and drag data where
CL = 3.40« and Cp = 1.239 + 0.00249 «? and CN = € cosU + Cpysinc . The results are plotted in Figure 7.42
and are compared to AEDC wind-tunnel data and to ballistic-range data obtained at CARDE’-32?. The CARDE results
fall slightly lower throughout the angle of attack range.

The nonlinear pitching-moment coefficient was calculated by the method described in Section 7.6.4.6 with
linear and cubic terms in resultant angle of attack chosen as most representative of the data. (Higher order
polynomials were examined but gave nearly identical results.) One flight at low amplitude Gjmr-l.BO) revealed
a significant decrease in static stability, which is reflected in the lower initial slope of the Ames pitching-
moment curve in Figure 7.43. The curves determined at AEDC and CARDE indicate slightly higher values for the
pitching moment. Small differences in boundary-layer conditions or base pressure, as well as measurement
inaccuracies, could contribute to the discrepancy.

As shown in Figure 7.39(c), the angular motions of these models were fairly heavily damped. The values
obtained for the dynamic-stability parameter for unpowered flight at constant altitude,

c, + md? (
- — (c
D L I Mq

o)

are shown in Figure 7.44(a) while the values for (Cm +Cmd) are given in Figure 7.44(b). The wind-tunnel
result, from Reference 7.31, shows about 20% less dynamic stability than the free-flight results. The reduced
frequencies (wd/V) for these two sets of tests were different (0.010 and 0.006, respectively) which might have
an influence on the data.

It is concluded from these comparisons that ballistic range tests and wind tunnel tests will give closely
comparable aerodynamic coefficients when the test conditions are similar, and that most discrepancies which
occur can be explained in terms of known effects (e.g., sting interference effects, differences in boundary
layer transition point, etc.).

* In the aerodynamic coefficients that are presented, the reference area is the cylinder cross-sectional area and the
reference length is the cylinder diameter.
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7.9.4 Analysis Using Numerical Integration of Eguations of Motion

A series of ballistic-range tests of models of the Gemini capsule, conducted in 1962 in the Ames Pressurized
Ballistic Range, indicated that both the static moment and the damping moment governing the model oscillations
were nonlinear functions of angle of attack’'*". Four of these flights were found to be essentially planar and
were analyzed simultaneously with the method described in Section 7.8.2 using one-degree-of-freedom simulation
given by

a4 (Hy vHo®)o! + (M +Ma?a = 0, (7.242)

The constants H, and H, define the nonlinear damping moment, while the constants M, and M, define the
nonlinear static moment. Twelve unknown coefficients were sought; four aerodynamic parameters, and eight
initial conditions, two for each flight. The solution converged as follows: SD(x) = 2.29°, 1.40°, 0.88°
0.75°, 0.7426°, 0.7424° , 0.7424° . The data points for the four flights together with the fit obtained by this
method are shown in Figure 7.45. Values of the four coefficients are as follows:

-0.0199 0. 000344 0.224 -0.000404
_— H, = M M, =

m m deg? ' m? 2 m? deg?

Several points should be made at this time. The first is that the nonlinear static moment obtained by this
analysis of four flights is in good agreement with that obtained using the method described in Section 7.6.4.6.
This comparison is shown in Figure 7.46. No comparison with the nonlinear damping moment is possible; however,
the value at o« = 0° is in good agreement with results in Reference 7.34.

Another point is that if one looks carefully at the fits to the experimental data shown in Figure 7.45, three
of the motions are matched very well, while run 582 is not matched as well. For this run (although small-
amplitude and hence small residuals) the fitted motion leads the data points at the early stations, reproduces
the data well in the middle of the flight, and lags the data points at the end of the flight. When the analysis
was first performed, it was not realized that any intentional difference existed between the models tested in
the four flights. However, the model tested in run 582 turned out to have had no “simulated window cutouts”,
whereas the models for the three other flights did have these simulated windows. As discussed in Reference 7.34.
the effect of the window cutouts was relatively minor, but when more than one flight is being analyzed at once
as in the present case, minor differences in the aerodynamics can be detected. This kind of effect becomes more
and more pronounced with increasing distance flown.

The three remaining runs, where the design model geometry was constant, were then analyzed together. As would
be expected, the standard deviation in the fit did become better, (SD(«) =0.7183°) but the improvement was small
due to the small amplitude of run 582. The values of the coefficients are now: H, = -0.0180, H, = 0.000315 ,

My, = 0.220, M, = -0.000380. These coefficients generate moments that differ only slightly from the previous

set. The static moment obtained from these coefficients is also shown in Figure 7.46.

7.10 MISCELLANEOUS TOPICS

In this section, two topics will be considered. The first is the study of rolling motions. 1In particular
reference will be made to cases where a roll torque exists and hence the assumption made previously of a constant
roll rate is invalid. It is sometimes of interest to study either roll acceleration due to control deflections
or roll damping. Interest in these properties can be stimulated by practical problems of missiles with fins,
or even bodies without fins which sometimes acquire rolling velocity due to small asymmetries.

The other topic is the treatment of density variations along the flightpath. This has been mentioned briefly
in Section 7.5.2.2 on drag determination and Section 7.8.2 on numerical integration. The motivation for con-
sidering it is the countercurrent ballistic facility (Chapter 5), in which the density encountered by a model
is never absolutely constant. Density variations with respect to pitching motions will be emphasized and practi-
cal methods of handling them will be indicated.

7.10.1 Determination of Roll Derivatives

The equation for the angular momentum about the X axis in terms of Euler angles is given as follows. Using
the expression for the kinetic energy given by (7.30) in the Lagrangian equations, one obtains

I (g1 Opcoso - Ogorsina) + (I - 13) [Ugsin” o sinyycosyy ~
- 0% sinyy cos g + (0ff sino) (cos? ¢y - sin®yi)) - Q“'F

This applies to a general body. In this section, we are going to consider (near-) axisymmetric bodies, but are
going to allow small roll-producing asymmetries, like canted fins. It can still be assumed that Iy - Ii R
and then the above equation reduces to

I; (Jig + Oy coso - (4,0 sino) - Q, L (7.243)
The moment L is of aerodynamic origin. Retaining the most dominant terms in (7.74), we can write
oViAl

p! - 7
= €, +C) ~mH+C a+cyfB (7.249)
2 0 p v « s
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is the static rolling moment; it is normally produced by an asymmetry, like canted fins, deflected
ins, etc. Clp is the damping due to roll, and Cla and ClB are changes in the rolling moment with
of attack and sideslip. ‘

Equation (7.243), with the moment given by (7.244), is difficult to solve in its present form since it is
supled to the motion in the other degrees of freedom. In practice, however, when rolling moment coefficients

are to be determined, the model is rolled at a fairly rapid rate and, hence, the motion about the other axes
tends to be small by comparison. It may then be permissible to assume that the terms in (7.243) involving GE

gpd o are small and can be neglected. With this assumption and a similar argument for terms with & and
A, (7.243) and (7.244) are combined to obtain

. oviAl p!
Y = C, +C¢; — (7.245)
ZIi 0 p VvV

For consistency with previous discussions a change will be made to x dependence. Equation (7.245) then
becomes (note that . =p)

oA ml? oAl
bl o ——(C, +——C il = ——C, . (7.246)
YR T A\ T & 2I. Lo
X X
The solution to this is ca.x
g = oag tax tae o, (7.247)

where a, and a, are constants of integration, a, is the equilibrium roll rate given by

-c
a, = o (7.248)
EE,C + 1c,
ml © p
and
A ml?
a, = -2 Cpt—c, ). (7. 249)
2m Ii p

There are several alternatives to the application of these equations to obtain rolling moment coefficients.
The most general is to seek a least squares fit of (7.247) to ¢E versus x data, and hence obtain C’o and
Czp . Since a, appears as an exponent, a least-squares procedure using differential corrections is required
(see Appendix). The disadvantage to this approach is that the data must be very accurate or extend over a long
distance to yield accurate rolling-moment coefficients. The reason is appprent if one considers an expansion
of (7.247) for small values of a,x; that is
azagx2 a2a§x3

6

Y = (agtay) + (a,-a,a)x 4+ (1. 250)

In order to obtain the four coefficients (a, to a;), terms to order of x® must be retained. This means to
obtain accurate values of the a's, the data must be accurate to a small term cubed (agxa), This is equivalent
to being able to determine the third derivative of ¢E accurately.

If the roll rate changes only a small amount over the instrumented range (ff = constant), the total rolling
moment is essentially constant and hence the solution to (7.246) can be written as

oAl oA ml? x?
- tCoxtit—e, +2 o+ ¢ =, (7.251)
g 0 1 [21_ Ly Tom 0T T Po 75

X X

where P, 1is the average roll rate over the length of the test flight not far different from the initial roll
rate C, . A least-squares curve fit of (7.251) to g versus x data will yield a value of the total rolling
moment (since CD is known from the drag reduction) but will not permit separation of C;_ and Ci;, terms.

If two tests are conducted, identical in all respects except roll rate, and they both satisfy the assumption

of small roll rate change, then it is possible to separate the two terms.

Under special test conditions we can make one of the coefficients dominant and neglect the other. Near zero
roll rate the C; term will dominate and the data can be curve fit using (7.251) to determine Clo . Similarly,
for certain model geometries and very accurate model construction, the Clc term can be made very small and a
curve fit using either (7.251), or (7.247) with the 2, X term dropped, will yield Clp.

7.10.2 Vvariable Density

When testing in a counter-current ballistic facility, the possibility exists that the density of the test
medium may vary with both time and position within the facility. This makes extraction of the aerodynamic
coefficients more difficult. As noted in Section 7.8.2, the integral method can handle this problem quite
generally. However, it is useful to consider some of the more traditional techniques that have been applied
in the past’-35.7-36
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Typically, the density encountered by the model changes slowly with distance flown. In most instances, the
density can be represented simply by o - Py — aXx , with a change in density of less than 20% between the first
and last data station. Under these circumstances, an effective method of accounting for the density variation
is as follows: the data are first analyzed by the constant-density methods already described (using the average
density over the trajectory) and values of both the aerodynamic coefficients and initial conditions are obtained.
These values are then used with the measured density variation, in the differential equations of motion. The
equations are numerically integrated to generate a motion which roughly approximates the motion obtained experi-
mentally. This generated motion is then analyzed by the constant-density program (again using the average
density) and the computed coefficients compared with the input values.

The values of Cp, Cpy. and C obtained by the constant density analysis have been found to show very
close agreement with input values, and thus require no adjustment. The computed value of the dynamic stability
parameter & , however (and hence (Cmq mea)), differs significantly from its input value. It is found by
repeating the process of generating a motion, then analyzing it with the constant-density program, for different
values of £ that a simple relationship exists between the actual and calculated values, namely

£(actual) - “(calculated) = const
Thus, the value obtained from analyzing the experimental data can be corrected to obtain the proper value.

Note that the constant in the above equation applies to a specific set of data. What the equation means is
that the constant-density program, applied to a given set of experimental data where the density varied slowly,
introduces a certain error in £ that is independent of & . It is probable that the foregoing approach would
be of little use if the density variation encountered were either very large or highly nonlinear.

With an arbitrary density variation, if the successive peak angles of attack are known, the following

equations may be applied. It has been shown’'%¢ that the envelope of the angle of attack of a coasting body
in free flight can be written as

COE%IB(X) dx

Uony (X)) = 7.252
o [~Cng (X 2(x)V2 (x) /21 11 (7. 252)

where

B(x) = — CyJ

Note that CD has been assumed constant in deriving this equation, but that any of the other aerodynamic
coefficients, as well as the density, can be arbitrary functions of distance*

When both the aerodynamic coefficients and density are constants, (7.252) reduces to (7.142b), namely

£
uenv(x) - Cle(P/\/Um)ux .

When the aerodynamic coefficients are constants, but the density variation is arbitrary, a simple expression

can again be obtained for Lenv - Equation (7.108) is integrated once to give

. . f(pa/em)ycpdx . -1/ fe(x) dx

X X,e X,e .
Then .- .. 1

% J/z _ xOJ/2esz(x) dx
and (7.252) can be written .
o c,(x)7/? c, )74/ 1.25%)
oS X} = T .
env [px)ve(xy /2] 17 [p(y] 17

With peak angles of attack presumed known, together with velocity and density variations, the parameter J
can be easily determined from ballistic range data. If the density variation is not extreme, Cp and Cr,
can be determined from the constant-density program and hence (Cmq t Cp-) follows. For more extreme density
variations, an approach like that described in Section 7.8 would have to be used to find the components of
the parameter J .

* Note also that (7.252) is an asymptotic solution, and hence would not be accurate in cases like the first few cycles of
motion during atmospheric entry. Pertaining to ballistic ranges, however, it is essentially exact.
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7.11 ERROR ANALYSIS*

In closing this chapter, we will undertake to discuss how accurately aerodynamic coefficients can be deter-
mined from ballistic range tests’-*’. This is a difficult question to answer, even partially. In the first
place, the problem is statistical in nature. Instead of talking about a coefficient being accurate to within
plus or minus some number, statements must be made concerning parameters like the standard deviation in the
coefficient. A further concern is that errors that degrade the results can enter from a variety of sources,
and some of these are not amenable to analysis. Errors can be introduced by

(1) Incorrect determination of physical characteristics of the model.
(ii) Incorrect determination of test conditions (pressure, temperature, etc.).

(iii) Erroneous time measurements.

(iv) Erroneous measurements of model position or attitude angle on the film.
(v) Incorrect position reference system calibration (Chapter 6).

(vi) Incorrect mathematical model used in analyzing raw data.

These errors can be either random or systematic. The random errors come principally from misreading the film.
To consider how random errors affect the deduced aerodynamic coefficients, a simplified approach will be followed
and it is assumed that angle-distance data satisfy the equation

u = BeP*cos (2ux/\) . (7.254)

Note that the constant D 1is proportional to the dynamic stability parameter & and the wavelength A is

proportional to Cp

7.11.1 Dynamic-Stability Parameter

An approximate expression for the standard deviation in the dynamic-stability parameter can be derived as
follows. The sum of the squares of the angle residuals (SSR) is defined by

SSR - X (u, -, )?,
1 1 eXDi

where o, is the value of « calculated from (7.254) at point x; , and Yexp; 1s the experimental value of
1 .
o« at this point. Differentiating this equation with respect to D and setting the result equal to zero gives

JA(SSR) ) Z ( ) Aoty 0 (1.255)
—— = . — o —1 = B .
BN - i~ "exp,’ T3p
Assume B and A are known exactly and that Uexp, 1s given by

Dpx
Yoxp,  Bee ¥'1 cos (2mx/Ag) + Dty (7.256)

where the subscript E denotes exact values and A“i is the experimental error in U at X; . Now let
D = Dg + AD, substitute (7.254) and (7.256) into (7.255), expand the exponentials involving AD retaining
only linear error terms, and solve for AD . This gives

DX,
Bg 22 A x;e B Gos (27x /\g)
i
AD

2DpXx
2 2 E*i 2
BZ :i: xje cos (27rxi/}\E)

The variance of D, which is the same as the variance of AD, can now be obtained.

VAR()

VAR(D) =
B2 3, QemEX‘cosz (271x . /\)
e X i’ME

Now expand the exponential retaining terms linear in x , assume that the data points are close enough
together to allow replacing the summation by an integration, and neglect all oscillatory terms after integrating,
The result is

6 VAR(0)

VAR(D) = .
B2AZN%n (1 + 3ADN/2)

* As a supplement to this section, the Appendix (Section 7.12) shows how a differential correction procedure can be used
in estimating errors in the deduced coefficients.
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where N is the number of cycles of motion being analyzed, and n is the number of data points per cycle. We
want the standard deviation in the dynamic-stability parameter & . Since £ = 2D/K (Equation (7.139)) where
K = pA/2m , the variance of & can be related to that of D as follows:

4 4p?
VAR(S) = P VAR(D) +—F VAR(K) .

The standard deviation is the square root of the variance, and the final result is

sy =

24 [sp(en)? £2[sp(x)) 2}
) (7.257)

+
| B%ZAPNn (1 + 3KAEN/4) K?

A number of approximations have been introduced in deriving this expression. Nevertheless, the expression
yields results that are in very good agreement with results from a Monte Carlo analysis. This is shown in
Figure 7.47, where the standard deviation in £ 1is plotted versus the number of cycles of motion being analyzed
(N) for a variety of number of data points per cycle (n). Each data point represents the results of analyzing
20 cases having random errors in the angle data (using the tricyclic method of analysis, Section 7.6.3). It is
noted that SD(£) increases rapidly below N = 1% as would be expected, due to the difficulty in being able
to differentiate between damping and trim angle. Results from (7.257) are shown for two values of n .

7.11.2 Static-Stability Parameter

A similar derivation for the standard deviation in the static-stability parameter Cma assuming that B and
D in (7.254) are known exactly yields

SD(C,, ) 8 [sp(en]? [sb(x,»]?
— M = + (7.258)
22N 3 2 ’
Ca,, 7?B*N°n (1 + 3KAEN/4) K2
where K, = 2I/pAl . This equation has also been investigated by analyzing many cases containing random errors.

The results showed (7.258) to be valid and indicated similar trends to those shown in Figure 7.47, but the
induced errors were exceedingly small (always less than 1%). An accurate measure of Cm, 1is far easier to
achieve than an accurate measure of &£ .

7.11.3 Lift-Curve Slope

The swerving deviations from straight-line flight are used to deduce the 1ift-curve slope. By treating the
equation (simplified version of Equation (7.216))

X px
z = z + z'x - KC BeP* cos (2mx/A) dxdx
o 0 Ly o do

in a similar manner as was done in the discussion of the dynamic stability parameter (presuming now that all
constants except CLa are known exactly), the following equation for the standard deviation in the lift-curve
slope is obtained:

167" [sp(z)]? a2t lsp()? cf [s0(K)]?

+
KB (T, +1)  B2(T +1) K2

sp(c, ) =
o

Here T, is the total number of observation stations. The results of this equation have also been confirmed
by a Monte Carlo analysis.

7.11.4 Drag Coefficient
The time-distance equation which determines the drag coefficient is (Equation (7.110))

1

ty +
v KC,

K
(e Cl)x—l) .

To obtain the standard deviation in Cj , the exponential is expanded and terms to order x? are retained.

Again the derivation is similar to that for SD(£) , except here all three unknowns (CD,VD,tO) are allowed to
contain errors, so the resulting expression is more accurate than those previously given. The result is

720(1, -3) {vi{sp(t))? + [sp(0]®t  cilspa0)?
K2Ax* (T, + 2)! K?

sn(cD) - (7.258)

Here Ax is the distance between data stations, assumed constant.
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Some insight can be gained by considering a specific example.

TS = 11 stations SD(x) = 0.000114m.

Dx = 1.22m SD(t) = 0.02usec
K = 0.00041/m Vo +SD(t) = 0.000122m

¢, = L0 SD(K) = 0

V., = 6100m/sec

Substituting these numbers into (7.259) leads to SD(Cp) = 0.0187 . Twenty cases were generated using a uniform
error distribution with standard deviations as listed. These cases were analyzed by Method 5 described in
Section 7.5.1 and from these 20 cases, SD(CD) = 0.0198 , very close to 0.0187. The results for these cases,
in order of increasing drag coefficient, follow.

¢, Z(Ot)? (sec?)
0.953 0.58 x 107"
0.977 0.44
0.983 0.78
0.983 0.22
0.989 1.45
0.991 0.46
0.996 0.34
0.997 0.71
0.997 0.42
0. 999 0.43
1. 004 0.42
1.004 0.42
1.007 0.75
1.010 0.26
1.013 0.51
1.014 0.52
1.015 0.64
1.015 0.46
1.016 0.69
1.055 0.32 x10°1#
Avg. 1.001 .

Also listed is the sum of the squares of the residuals for each case (ascribing all the error to time, none to
distance). In about half of the cases, the calculated drag coefficient is within 1% of the actual value

There are two cases, however, where the calculated drag coefficient is off by a significant amount, about 5%.
Note that the sum of the squares of the residuals for these two cases would not indicate that bad answers had
been obtained. It is cases like these that prove perplexing when real data are being analyzed. Re-reading
the position data on the film would probably improve the answers, but nothing can be done to get different
time measurements.

7.11.5 Facility Calibration

It is obvious that poor position and angle calibrations of a ballistic facility can introduce errors in
deduced aerodynamic coefficients. Furthermore, these errors are more likely systematic than random, which
is a worse situation. What is interesting to point out here is how the facility calibration can be monitored
in the process of determining aerodynamic coefficients.

Every run analyzed yields, among other things, differences between measured and calculated values at every
data station. The drag routine gives time residuals (or equivalent Ax = VAt residuals), the stability routine
gives angle residuals, and the lift routine gives y and 2z residuals. If these residuals are saved, station
by station, from every run analyzed until there are enough of them to be statistically meaningful, then errors
(or changes) in the facility calibration can be detected. If the errors at each station are random, the
residuals should scatter about zero. If they scatter about a non-zero value, in all likelihood there is a
calibration error. FProm the error indicated, a correction can be made. This analysis is most meaningful if
done for a number of tests of a single configuration at given test conditions, since the variation in film
reading accuracy between different configurations and free stream conditions would be eliminated.

Figure 7.48 shows the y residuals versus station number from 32 tests of sphere-cone models conducted in
the Ames Hypervelocity Free-Flight Aerodynamic Facility. It is obvious that at some stations the scatter is
not symmetrical about zero. The fact that the amount of the scatter is about the same at every station indi-
cates that this is probably the reading accuracy, in this case SD(y) ™ 0.015cm. If the amount of scatter
differed from station to station (stations assumed identical), it could be an indication that the equations
used to analyze the motion were not sufficiently complete.
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7.12 APPENDIX

7.12.1 Method of Least Squares Using Differential Corrections

The problem can be stated as follows: given a set of experimental data and the function relating the
dependent and independent variables, find the unknown coefficients in the function such that a “best fit” to
the experimental data is obtained. The method of least squares determines a best fit on the basis of minimizing
the sum of the squares of the residuals (differences between experimental and calculated values).

The function can be written as

¥y = E(XC,.C,..... O (1.260)

where the C’s are the unknown coefficients*. The sum of the squares of the residuals is then

n
SR - X2 [y”p - £(x;:C,,C,,... CDI?, (7.261)
i=1 i

where n is the number of data points. Note that the errors have all been assumed to be in the dependent
variable y . The minimization is achieved by taking the partial derivative of SSR with respect to each
coefficient. These expressions are equated to zero, summed over all data points, and the resulting equations

are solved simultaneously for the Cs . This is straightforward if all the C's 1in the function, f , appear
in a linear manner. A simple example is the case where f is a polynomial. Consider the three-term polynomial
y = Clx2 + C,x + C, . The unknowns are obtained by solving the following three equations:
— — - — -
a0 4 "3 2 [_ W 2
1%:1 xi B Eaf||c & XY
ng fo in <, inyi . (7.262)
2
_in Zx on 1€ _Zyi

In many cases of practical interest, however, the coefficients appear in a nonlinear or transcendental manner.
For these cases the straightforward approach does not work, but a technique employing what are commonly called
differential corrections can be used instead. First an approximation to each ccefficient must be available.

The function f can then be expanded in a Taylor series about this approximate solution.

f
. - 0y . (0 O 0 E:
f(x,Cl,CZ, ..... Cr) = (% CLCL, ... CO) ¥ ) -AC‘

The zero superscript refers to the approximate solution, and ACj = C

I Cg . Substituting this into (7.261)
yields

n I 50 2
i

3
— Q .0 0
Sk = Z Yexp, - T (xi:Cro-o- Cp) - E 3¢ 06| - (1.263)
i=1 LS j

Note that the AC.’s appear in a linear manner and the minimization of SSR with respect to them is straight-
forward. The pari:ial derivative of SSR with respect to Ack is

J(SSR) n I, ard Bl
- Oy -0 oy _ ik RV S | - . .
Ao = 220 3| Yexn, -~ 17xsiC0 0D 250 0 v 0 (1.264)
k i=t j=1 i k
In matrix form, then, we have
[a] [Ac] = [B}, (7.265)
rXr'rxit rxi1
where [A] is a square matrix with elements
219 30
Ajy = Ay = = 1—8 i (7.266)
1=1 Cj Ck

* Note that some of the C's might represent initial conditions and not appear explicitly in f; for example, if

X v
Y= I ! g(w) dwdw , then y(0) and y’'(0) would also be unknowns.
o Yo
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AC is a column vector containing the corrections to the coefficients

AC = . (7.267)

and R is a column vector of the residuals

n
o0
_ 9y 1
E (yexpj ) i) 5
i=1 . 1

R - . . (7.268)
n .
. af°
Z(yex v—fg)_l
i=1 P1 aCr

Note that normally the partial derivatives that appear in the A and R matrices have closed form expressions
and are hence easy to evaluate. A case was presented in Section 7.8.2, however, where numerical techniques were
needed to obtain the partial derivatives.

Equation (7.265) may be solved by hand for simple cases or on a computer for complicated cases. Symbolically,
the result is

Ac = [A]7'R, (7.269)

where [A] ! is the inverse of [A). New values of the coefficients are obtained by adding [Ih to the present
value.

c; = cg’ + ch . (17.2170)
This new solution can now be considered as an approximate solution and the entire process repeated to obtain

a better solution*. This process continues until changes in the coefficients, ACj , approach zero or in practice

some small value. It is often easier to monitor the convergence process by computing the SSR for each iteration

and when it stops changing within some prescribed limit, the solution is considered converged. When this point

is reached, the best least squares set of coefficients has been obtained.

An additional benefit of a differential correction process of this type is the simplicity with which the
accuracy of the various coefficients can be determined. It can be shown that after convergence, the elements of
the [A]"! patrix are related to the variance (VAR) and covariance (COV) of the coefficients as follows:

VAR(C,) = A;; « VAR(y)
o) = [varepl? (1.271)
COV(C,C;) = A;J!-v,uuy) i £ .

Here A;¥ denotes the ijth element of the [A]™! matrix. -Thus if one can estimate the accuracy of the measured
quantity y , the accuracy of the coefficients can be obtained. Note that the standard deviation of the least
squares fit to the experimental data (SD = V/(SSR/n)) is normally better than the true measuring accuracy.

If the parameters of interest are related to the coefficients (Ci) by a routine relationship, the following
equations can be used in conjunction with (7.271) to find the accuracy in these parameters. Let a and b be
constants

VAR(aC,) = a’VAR(C))

VAR(aC| 1 bC,) a? VAR(C)) + t% VAR(C,) + 2abCOV(C,,C,)

&

VAR(aC?) a? [4C? VAR(C)) + 2VAR®(C))]

VAR(aC/C,) = a?[C2ZVAR(C)) + C?VAR(C,) + 2C,C,COV(C,,C,) + VAR(C,) VAR(C,) + COV’(C ,C,)]

2

ac, a? c} 2c,
VAR (— VAR(C ) + — VAR(C,) - — COV(C,C,)
c, c c

c?
C: 2 2

&

&

VAR(e*C1) & a2e®®C1 [VAR(C)) + 2a? VARP(C)) + la' VARM(C)) + ..... J.

The two equations involving VAR(aCf) and VAR(aC C,) are exact if C, and C, are normally-distributed
random variables

* There is no guarantee that this iteration procedure will not diverge. However, with reasonable initial estimates of the
coefficients, convergence is normally obtained.
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Fig.7.4 Angular relationships between model axes and flight direction
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